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Abstract 

In "An Alternative Correlation Statistic", the author compares the 
Correlation Dimension Ratio (CDR) with Grassberger and Procaccia's 
Correlation Dimension, (CD) showing it to be equally useful for 
distinguishing between deterministic and stochastic processes, while at 
the same time providing a test for the HD null. The CDR also eliminates 
the CD's bias towards low dimension in relatively short time series (this 
bias accounts for spurious low-dimensional results of 5 to 7 in the 
literature). Here, the CDR, and a related statistic, the Correlation Ratio 
Logarithm (CRL), are compared to the DBS statistic in a Monte Carlo 
experiment measuring the moments of their distributions. The CDR, followed 
by the CRL, are found to be consistently closer to the normal 
distribution, more sensitive to stochastic structure, and less 
heteroskedastic as c varies. 

I Introduction 

In recent years the application of the Grassberger and Procaccia (G&P) 

correlation dimension (CD) (1983) in economics has been of interest. The 

CD measures fractal dimension and can distinguish between stochastic and 
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deterministic (e.g, chaotic) processes. Brock, Dechert and Scheinkman 

0987) the11 developed a related statistic (referred to as the DBS 

statistic} testing for the IID null whose applications include testing for 

nonlinearity in stochastic processes. In a related article {Mayer, 1995), 

we define a similar statistic which we refer to as the Correlation 

Dimension Ratio (CDRl. ft has similar applications to the DBS statistic, 

and in a.dditlon serves as a good numerical method for the calculation of 

the CD for series having correlation dimensions greater than one. In 

particular, it removes the bias towards low dimension present in 

applications to time series of lengths around 500 {about the minimim 

length for which meaningful results can be obtained) and shows that some 

of the arnblgous or low-dimensional results reported in the literature 

(typically dimensions between 5 a.nd 7) are spuriously lnduce,d by the CD. 

In that paper. several tests compare the CDR to the CD, showing lt to 

provide a. more powerful test for presence of non-linear stochastk: 

structure. The purpose of this paper is to compare the CDR to the DBS 

statistic. By carrying out a Monte Carlo experiment measuring the moments 

of the distributions, we find that the Q)R is closer to the normal 

distribution than the DBS statistic, more sensitive to stochastic 

structure. and that its variance varies less with e, the measure of 

distance Involved in the correlation dimension. 

2 The Correlation Dlmension Ratio (CDR.) 

Let A = {at : t .., 1, •.. ,N) be a finite series of real numbers. For each m 

= 1,2, ••• ,N, -r E IN. write 

H(A,m,-d • {(at'"''at+Cm-ll't") : t "" 1,.,.,N-(m-Ht} !:. or (2.1) 

for the set of r-iagged m-histories of 4. Abbreviating H '= H{A,m,T), and 

letting 'ltH be the cardinality of H, let C (£} : {O,m) ➔ [O,IJ, given by 
m 

C (£) ~ #{(x,y) 
m 

E HxH; X$ y, Jx-yJ ( c) 
, #H{lfH-1) (2,2) 

be the relative frequency with which the distance between pairs of vectors 
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in H Is less than ,e. Here I J is the maximum norm of !Rm, 

Definition. The correlation: dimension. ratio (CDR) of such a sequence A 

with lags of order T is {in terms of the notation above) 

CDR eo Jim CDR(m); CDR(m) = lim .r.CDR(m,c;rl, 
't m---,,«, C·?V 

loge (cl (2.31 
CDR(m,c,--r} :::::: iogC m(cr 

! 

Grassberger and Procacc.ia's correlation dimension (CD) instead has log{c) 

as numerator: 

CDT = Hmm-¼o)CD(m); CD(m) .,. Hme-+<fD(m,c;d, 

JogC (d 
CO(m,c,T) :-;; m 

1 oge · 

The DBS statistic is 

DBS(m,c,T) = C (e} ~ C (e)m. 
m ! 

We also introduce the correia:tton ratio logarithm., 

[

C (c)) 
CRL(m,c,T) = log C 7(c) - m.■ 

We mention a few general points about these statistics. 

(2.4) 

(2.5) 

(2.6) 

Let {Z} be a strictly stationary process and let A = 12 , ... ,z >. 
J I M 

Then we may regard CDR(m,c,Tl, CD(m,c;r), DBS(m,e,T), CRL(m,c,Tl as random 

variables, By appiylng the technique of U-statistlcs (see Serfling, 1980) 

Brock and Baek (1991) show that DBS(rn,e,-r) is generically asymptotically 

normally distributed as N ➔ i», with mean 0. Their results extend 

straightforwardly to CDR{rn,e,,:), CD(m,c,TJ and CRL(m,c,T) (see Mayer, 

1995). 

ln this paper we shall use -r = 1, and remove ,: from the notation. 

Observe that using r > I is equivalent to replacing {Z ,. .. ,z } with 
I N 

{Z
1
.Z

1
,."f'"''Z

1
_.fN-IJT}, so that in our tests this would be equivalent to 

replacing the process Z with the iterated process. 

By definition, CD(m) = CDR{m)CD(l). For stochastic processes, :ilnd for 

deterministic processes with CD .:; l, CD(!} w 1. Thus for these processes 

CO{m} = CDR(m). For deterministic processes with CD < l, CD(m) = COO} < l 
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so CD~(mi = I. Hence CDR{mj distinguishes stochastic from deterministic 

processes just as CD(m), but will yield CDR(m) = I for cases in which CD ~ 

1. The theorems which estahlish these and other general properties of 

CD(m} also establish those of COR(m) (see Brock and Dechert, 1987}. 

Jn pt·actice, the CD of a time series is determined as follows. For 

each m, CD(m) = limc~CD(m,c) is calculated as the coefficient in a linear 

regression of iogC {c) with respect to loge, in a region of small values 
m 

of e where the relation between both variables is approximately linear. 

CDR(m) = Hmc~CDR(m.d is similarly determined in a linear regression of 

loge (el with respect to loge (e), 
m ' 

3 Comparing the Correlation Dimension Ratio with the DBS statistic 

The purpose of thi$ paper ls to compar-e the CDR with the DBS- statistic. 

Two important points arise when deciding how to compare them. The first is 

that the CDR u-ses dat& obtained for a region of values of e, while tlie DBS 

statistic is defined for a fixed value of t::. There is no clear. practical 

way to combine the information obtained from several values of c, because 

the variance depend-s on .c and its calculation is very lengthy (of the 

order of N CD ca.lcula.tions). ihe second is that, since the COR is obtained 

by a regression rather than a division. its behavior at a fjxed value of c 

could be similar to CRL(m,£) as well as CDR(m,d. 

The performance of the DBS statistic in particular depends on how 

well it approximates a normal distribution, because significance intervals 

.are obtained by calculating the asymptotic variance. Normality, which is 

important per se, also has a bearing on the validity of the linear 

regression used to i:--.atculate the CDR, Thus our comparison of tne 

statistics wiU be based on testing their distributions for normality. The 

CDR and the DBS statistic are both based on the same component random 

varia.bles C {E}. For fixed values of c, they are obtained by different ,n 
functional tn.nsformations whkh after their probability distributions. 

Thus measuring the skewness and kurtosis of the distributions shoJJld 

provide a good test of the differences in normality. 
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Thus our method is to carry out a Monte Carlo experiment measuring 

the moments of the statistics COR(m,d, CRL(m,d and DBS(m,c). 

4 The Monte Carlo experiment 

We carried out the experiment for six processes z"' "" 1Z~: 1 :S j :s 500}. In 

the c<intext of dimension calculations, series with N = 500 terms are 

short. We compare for each z!' how close the distributions of the dimension 

measures CDR(Zk){m.~). CRL(z•){m,c), DBS(zk'Hm,e) are to the normal 

distribution, which they 

The six processes 

variables N(O,t} and 

Define z 1 to Zc, by 

approximate asymptotically when N ➔ ro. 
k 

Z are the following. Let 1J J be 11D normal random 

v be IID uniformly distributed random variables, 
J 

l 
Z = u· 

J J' 

lu lu HJ 

2
2

"" v-
J J' 

z4 
""°,6Z

4 +ju lu; 
j+1 J j-1 j 

(3.IJ 

z' 
J•l 

I s: j ~ 500, with initial values O where necessary and where a.
1 

is a 

random variable with value l or 2 following a Markov process defined by 

the probabHlties 

i,j E {I,2}, where A = (·z .s]. 
.8 .2 (3.ZJ 

Our numerical procedure for the calculation or c (cl has been 
m 

reported {Mayer, J99S}. We obtaln C (e) :recursively in m using mainly 
m I 

short integer arithmetic, using an algorithm with low memory requirements. 

We use 256 values of c, namely 

I 
C = -

I 2&b 

• c, I = t, .. ,,?..56, • where c = maxlz,-z,I 13.3) 

for each time series of S00 terms of a given Z. The dimension m ranged 

from 1 'to 16, 

The moments where measured for three values of E. The region of 

linearity between togC (c) 
m 

the choice of c depend on 

and loge {c) or logr varies with m, so we 
I 

m by the following procedure. For each -C, 
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calculated 100 Instances of C (E ) and found the largest l(m,j), for which 
m I 

C(ca ):Sb, 
m dm,Jl J j "" I,2,3 

with (b ,b ,b ) "" (0.05, 0.1, 0.15). 
' ' a 

(3.4) 

These numbers t(m,j) where averaged over the 100 instances, obtaining 

Z(m,j). With these preliminary numbers obtained, moments where now 

calculated for the random variables 

CDR(m,E ) - m, CRL(m,c ), DBS(m,c ) 
J J J 

(3.5) 

where cJ "" c(Z(m,JJ)' j = 1,2,3 (observe that to report the experiment we 

normalize the CDR so that its theoretical expected value, as c tends to 

zero, is zero. 

For each random variable zk (a series of 500 terms), 3000 instances 

were now calculated. From each of these, the random variables (3.5) were 

simultaneously obtained, obtaining therefore 3000 instances from which the 

moments and their significance were calculated. 

We obtain the significance of skewness by the approximation of its 

null distribution by a Johnson s
0 

curve given by D' Agostino. For a sample 

of 3000 we have: 

One-sided significance of Skewness 

Significance level 

Significance index 

0.10 0.05 0.025 0.01 0.005 

0.057 0.073 0.088 0.104 0.115 

The significance of Kurtosis by the Anscombe and Glynn approximation, 

which yields an approximately normally distributed significance index: 

One-sided significance of Kurtosis 

Significance level 

Sj.gnificance index 

0.10 

1.28 

0.05 

1.64 

0.025 0.01 0.005 0.0025 0.001 

1.96 2.32 2.57 2.81 3.85 

(D' Agostino and Stephens, 1986 is the reference for both significances). 
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5 The results 

In Tables I to 6 we report for the processes Z1 to Zn !respectively) the 

experimental value of ,V<t (mean divided by standard deviation) and the 

experimental values of skewness and kurtosis, and their significances, 

On the one hand, in the HD cases z' and 2 2
• µ/{1' should be as close 

to zero as possible. On the other, in the non-HD cases z3 to zb, the 

larger the experimental value of µ/er, the more sensitively the statistic 

detects the dependent structure. 

We also report the standard deviation of the CDR, CRL and DBS 

statistics in the foUowing way. What is interesting is how 

hetero-skedastic these distributions are as c varies. Therefore we 

calculate the mean µc- and the standard deviation (!' q of the three values 

o-(t:
1

}, a-(c
1
?, o-(£

2
}, ~porting lOOµtr (for reasons of scale} and D"D"/µtr. 

Our obser-vations are the following, 

{a) µ/,:r. For the IID cases Z
1 

and 2
2

, th.e three statistics CDR, CRL, and 

DBS give similar magnitudes of deviation from the theoretical mean. The 

CDR has some much smaller deviations for- m = 2, tending to increase with 

m, while the CRL and DBS deviations tend to decreas~ with m. In the case 

of non-HD distributlons. howevp.r, the deviations are clear!y much greater 

for the CDR, followed by the CRL, and then by the DBS statistic On the 

case of 2
4 

only a weak dependence structure is present. since the Markov 

process tends to alternate fairly regularly while its effect, doubling or 

halving the standard deviation, is not too strong). For these series the 

deviation tends to decrease With m for the three statistics, 

(b) Skewness and Kurtosis. In both cases the COR and the CRL (more the 

first than the second} are consistently better than the DBS statistic, 

with the improvement increasing with dimension. The CDR tends to be 

negatively skewed, with a positive mean, while the CRL and DBS statistics 

tend to be positively skewed, with a negative mean, (representing more 
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probability for C (c) < 
m 

acceptably normal for many 

C {c)m then vice-versa). The 
I 

' values of rn in the cases Z and 

CDR is almost 

z5 
(ARCH) while 

its kurtosis is almost acceptably normal in the cases 2 1, 2 2 and 2 6. In 

general, the CDR and CRL, in that order, have less probability distributed 

in the tails than the DBS statistic. The DBS statistic becomes 

particularly distorted for non-11D random variables. 

(c) Heteroskedasticity in c. The values 

consistent and show that the sequence 

found for rr /µ are strikingly 
~ ~ 

COR, CRL, DBS is increasingly 

heteroskedastic (except in the case of the uniform random variable in 

which the CDR and the CRL change places for some intermediate values of 

m). For practical purposes the CDR may be said to have low or very low 

heteroskedasticity as c varies. 

It is worth mentioning that the CDR produces meaningful results for 
m data sets well below the order N = 10 suggested to be necessary for 

dimension statistics by Ramsey, Sayers and Rothman (1990). 

6 Conclusions 

For time series of the order of 500 terms, the correlation dimension ratio 

{CDR), followed by the correlation ratio logarithm {CRLl, are consistently 

more sensitive to stochastic dependence than the DBS statistic. Also, they 

are systematically closer (in the same order) to the normal distribution, 

having less skewness and kurtosis over a wide variety of dimensions and 

values of E. Finally, they are less heteroskedastic (again in the same 

order) as c varies over the range 0.05 :S C (c) :::. 0.15, which for this 
m 

length Or time series represents the region where one may expect C (c) to 

be approximately log-linear with respect to C (E) or c. 

' 
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m statistic ulo Skewness Kurtosis Skewness fsiuni-fi~) Kurtos1s (sio:mifrcru:u) l ,, '½ ,, ,,_ 
" " 

,, ,, ,, ~ 
,, !.>.; ,, ,, 

' 2 CDR 0.08 'J.01 0.08 .0 21 -026 .OJ9 3,04 3 '.)9 3.00 -4.00 -5.66 -4 14 0.54 1 00 O.ll 
CRL --0,2 l ..()_ 15 -l'.l 13 0.21 0.27 0.2{) 3 04 3.02 2.88 4.65 60,1 4.36 0.52 0.28 -l.32 
DBS ' -0.19 -0.14 -0.12 ()_27 0.28 0 21 333 1.39 3-19 5.85 6.22 4.71 3 2, 3.79 2.02 

3 CDR 007 0.09 009 -0 17 ,0 19 -0. 12 3.10 3 (11', J.00 ! -3.86 -4.2J -2:13 109 0.75 o.o; 
CRL ..0. 15 .o_ 11 -0 11 O.tS 0.20 0 JS :HIS J.06 JOO 4.10 4.36 126 0.% o:n 0.09 
DBS .. {t 13 -0.11 .0.10 0.24 0.25 C 16 3.55 ).40 3.17 54-0 5 55 3.53 4,97 3,81 1 $1 

4 CDR 0.09 0.09 0.08 -0.23 -0.!7 -0. 12 3.21 3.14 3.04 -5.08 -3.69 -2.71 2.22 1.50 0.50 
CRL -0. 15 -0,12 -0, JO 0.24 (}20 0 15 J 27 3.20 3 13 5.28 4.43 3.31 2.77 2.09 1_.;3 
DBS -0.12 .{)_JO -0 09 0.3'.! (J,21 0.17 3 R2 J_SJ J 21 7.12 4-7:'I 186 6.72 4.84 2.19 

' CDR -0,0!, 0.09 tl09 -020 -0.17 -0. 12 3.l1 108 3.04 -4.34 .. J&j -2 77 1.41 0.90 0.48 
CRL ..()_ 13 -0. 1 I ..0. 10 0.23 -o.:w 0.15 3.20 3.20 122 5.04 4.48 J.40 2.0R 2.11 2.30 - . .PBS -0.10 -0.lO -0 09 0.26 0_24 0.19 3.88 1.48 3.21 5.7$ S,29 4.20 708 4,43 2.18 

6 CDR 0-10 0.09 0.09 -0 19 -0-16 ...0.14 3.09 3.03 '°' -4.20 -3-155 -3.03 l.05 042 0.6-0 
CRL -0. 13 ,.o_ 11 -0 11 {1-22 0.2I 0,17 3.22 3.20 332 4.89 4.59 3.86 2.28 2.14 3.13 
DBS -0. IO .0_09 -0.09 0,27 0.23 0.21 382 .'LSO 3.21 5.9] :s.rn 4.62 6.70 4 6l 2.22 

' CDR 0.11 0.11 O.lO -0.19 -0, 16 -0.1~ 2,96 2.99 J.00 -4.26 -1.54 -3.30 : -0.40 .Q,03 0.02 
CRL -0 13 -0.12 .Q_ ! 1 0_12 0.17 0.16 3.12 3_24 :us 4.80 3.87 3.50 L35 2.4J 368 
DBS -0.09 -0.09 -0.09 O.lJ 0.28 0.25 4.03 3.51 3.21 7.27 6.21 5.55 7.90 4.69 2.17 

16 CDR OJ6 0 15 014 -0.20 ,-0,19 -020 3 04 3 ! I 3,07 -4.54 4.\4 -4 40 0.48 l.19 0J37 
CRL -0.1& -0. 16 -OJ5 {U! 0 09 005 3.38 3.47 3.67 2.43 1.91 1.10 3.70 4.37 5.77 
DBS -0.10 -0 ll -OJ I 058 0.49 0.40 5.42 4,43 3.59 12.19 10.42 K'/3 13.21 9.77 5.24 

I Table 1. Cn~parison oftl;'e CDR. CRL and DBS satl!Ucs for Z', a nu-rmally dhtributed random variable N Ii 

m stati!lti~ uk; Sk{:WflCSS K'Jttosis . Skewnes, 1si-•fi~~ KurtOllis fshmificante! ,, 
" £1. ,, ,, ,. I ,, ,, ,, ,, ' ,, ,, ,, 

" ' CDR 0.02 0.0'2 0.05 -0.43 .-0.61 -0.41 
' 

3.51 4 011 3.75 -9.20 *1Hil -8,90 4.69 7.7! 6.31 
CRL --0.21 -0.17 .Q,JS 0.43 0.61 OAI 3.52 3.98 3 72 9.28 12.57 8.88 4.72 7.62 6.08 
DBS -0 21 ..c; 17 -0,15 0.46 0.64 0.41 :u& 4.10 Ji!:l 9.74 13. J 5 9 JO :U4 8.26 6.73 

J CDR 0.03 o_os 0 Oii -0.39 -0.35 -0.2& 3_:)3 '.D6 J JO -8.53 w7,52 -6.24 4.80 2.69 3.04 
CRL -0 17 -<U4 --0.l I 0.39 0.34 () 2& 3 51 3.23 3.25 8.53 7.47 624 4.65 2.37 2.59 
DHS -0.!6 a-0. I 3 -0.!0 0.45 0.39 C.32 3.70 3.]9 339 9.60 8.40 6.94 5.98 J 75 3.74 

4 CDR 0.06 0.06 0.07 -0.32 -0.34 -0.20 3.20 124 3.00 -7Jfl -7.50 -4.45 2_]3 249 0.05 
CRL -0.15 -0 l2 -010 0_32 0.34 020 3.17 3.20 2.9-7 6.98 741 4.45 1.85 2.09 --0.30 
DBS -0 14 -0.il .().09 0.40 041 () 2) 3.40 3.42 l 08 8.65 879 5.45 3,&2 3.95 0.90 ... 

. ' CDR {)_()6 0.06 0.GS -D.32 .Q_3C -0. 18 3.21 3.JS 3.:)2 -7 lQ -066 -3.96 2,23 1.95 0 32 
' ' CRL -0.13 -0.11 .Q 10 0 32 0.30 0.17 3. 18 3.13 101 6.97 6-.55 3.79 1.91 1 43 0.13- ' DBS -0.11 .Q.09 ,0 09 0.43 0_3-<) 0.25 3 48 1-41 3.l l 9.24 ll43 S 43 4.41 3.91 1.2J I - ~·· 

6 CDR 0,07 t.OS 0,09 ---0.28 ·0.22 .. {}.1$ 3.07 3.00 3.02 ---6.14 -4,78 -3,36 0_88 0.!0 0.28 ! 
CRL ••ll 13 -0_ 11 -0 ll 0.27 0.21 ' 0 14 3.03 2.99 3,01 6.04 4.69 3-14 0.36 -0.10 0.19 : 
OHS -0.11 ,-0.09 -0.10 () 40 {DI 0.23 3,41 3.19 3.12 8.67 6,85 5.19 3,94 2.0ii 138 ' 

R CDR ' 0.09 OJ I 010 -0 25· -OJ7 -0 2C 3. 12 1 l)8 3.01 -5,61 -3.74 -4.34 l.36 0.96 0.14 
CRL -0.13 -0.13 -0,12 0.26 Q.16 0.19 3.10 3.07 3,03 S 68 3.66 4.1& I 14 tum 042 
llUS -0,11 -0. IO •O, IO !l 4 l (DO 030 3.55 J.36: :u6 S.80 6.67 6.49 4.98 3.53 i.78 ' 

16 CDR. 0.15 o.:3 0.11 -0.]i .0.31 "0.21 3 2~ 3.27 1 16 ..{)_76 -6.70 .5 87 2.89 2.72 1.71 
CRl -0.J 7 •O, l 5 -0.12 0.30 0.29 0.24 3.39 140 3.33 6.64 6.46 5.12 3 73 3.83 3.28 
DBS ..{;, 12. -0. '!; I 0 62 D.55 (} 44 ' ,1 16 '5.83 J J~ , l2.87 11 63 ◊.35 8.52 6.78 3 Tl .Q.09 ; I 

Table 2. Cnmoarison of the CDR CRL and DBS liathtks for Z1 a u_nifwmlv dlth11mted ratu:lom v;uialil,;" 



m statistic I "'" Ski.:wn-:ss: Kurtosis 1 Skewne:rn I s1 . ficnn,.;¢} KurtOll:\11 (Si 'ficancei 
··-- ,"" I ,, 

" ' 
,, ,, ,, ,, ,, 

' 
,, ,, ,, ,, ,, 

2 CDR j -9.0l -9.37 -9. 13 -O:JS -{LO? .() o, 2.90 193 2.93 .J.Os • I 59 ·L07 -l 16 -0.69 --0.71 
CRL 7.67 6 85 'i,67 O.JS 0.!7 0.11 3.05 2.98 2 9; 4 O!:I 172 2.42 0,57 -0.14 ~:)9] 

DBS 3 73 4 6& 6.31 0.66 0.41 (),)5 ' } 7'i- 3 21 Ht8 ' 13.53 8.75 3.32 &28 2,34 -1 37 ' 
' CDR -6 58 .1;,_.:;;9 .(i.C 1 --0. 1 l -{:,,04 .,1c2 183 2.36 Hi!: --2.46 --0:19 .. {LJ8 -L97 -L66 0.69 

CRL 5,39 4.88 405 0.26 C 21 0.25 3.03 2.95 V)9 5,72 07 5-46 0.38 -OAS -005 
I DBS 2JU 3.45 4.51 0.90 o.ss 0.23 4.42 3.43 2.91 17.47 12. ll 5.13 9.74 4 09 :Q:21_ 

4 CDR -5.SO -5.38 .4.9S -0.01 0.03 O.DI 2.88 2.99 ' 11 
-0.):) 0,59 0,12 -1.37 -0,07 1 28 

CRL 4.14 3.98 3.40 0.26 0.26 0,34 3.05 3.05 3.08 5.72 5.83 7-44 062 0.67 0.93 
DBS 2,50 300 3.74 0 91 0 56 0,25 4.24 325 3.01 17" 11.66 5.45 S,92 2.61 0.13 

5 CDR --4. 78 -t62 -4 IS OJl3 G !J3 0.01 2.93 5.09 3.08 07U 0,74 0.28 -0,73 0.99 0.95 
CRL 3.79 3.44 l 92 0.28 0.33 0.41 i 3.10 ]J 3 31) ' 6.25 7.17 8.85 l.-09 1.44 1.45 
DBS 2.15 2,64 3,23 1.00 0.62 0.'.'!3 4 38 3.37 3,15 18.96 12.75 7.18 9.55 3.61 L67 

6 CDR -4.26 -4,04 .).61 om 0.02 0,1)] 2.99 309 3.05 0.76 0.49 o.n .() o& 0.99 0.66 
CRL 3.38 ),02 2,60 0.31 0 39 047 3.15 3.17 3.19 6&7 8.38 10.01 1.59 LSS l.98 
DBS 1:94 2.42 Hl4 LOS ◊66 0.40 ,:_54 3',() 3.26 20.05 1353 8.69 10.22 4.59 2.62 

8 CDR -3.43 ·3.23 -1 90 0.03 0.03 •0,01 ' 3.0u J.00 2.92 0.59 ◊,68 -0,22 0,04 0.HJ --0.88 I 
CRL 2.73 lA9 2J8 0.42 0.47 ().57 3.25 3.24 3.29 9.13 JR04 1 L 90 2.56 246 2.91 
DBS L69 2.03- :ui Ll7 0.79 0,$1 4.91 l7& 314 21.23 15.?5 JO.TI ll.63 6.47 2:R 

16 CDR «l.94 .] &3 ➔ 1 63 0.07 0.-09 0,04 2.98 2.99 3.o& l.66 2.03 0.92 .0.l l .(),04 0.95 

CRL 1.63 1.53 t.36 0,54 0.)7 0.70 i 3.56 156 3&6 11.27 11.95 14.18 503 5.03 6.95 j 
DBS 1.16 Ul L39 1.41 1.()3 0.66 6.02 4.44 3.81 24.76 19,38 JJ.47 14 77 9.81 6.65 

Table- 3. ComE2rlsnn nfthe CDR, CRL and DBS satistk, for Z;1 a rand~ variabl~ .'l{!!./ah w~.th c;;;: Nl!Ul. I 

m statistic wa Skewnes:. Kurtosis Skewness fsi anificwu:e) Kurtaxis: (Si ""ificattee) 
,, 

" 
,, ,, ,, ,, ,, ,, ,. 

' 
,, ,, ,, ,, ,, 

2 CDR .1,09 -1.19 ~l.28 .0.16 -0.25 ...o.rs 3.37 3.28 3.20 -3.66 -5.51 -3% 3.60 2,U 2.13 

' ' CRL 0.99 l 14 l.25 0,14 0,23 0.17 3.37 3 28 3.24 3.18 5.16 J.74 3.58 2.87 2.50 
DBS 0.96 l.l l 1.22 0.44 0.45 0.30 :t91 .1.66 D7 9.45 9.71 6.66 7.21 l,70 3.51 , __ , 

l CDR -1.25 -l.33 -1.41 -0 30 -0.25 -020 3,32 3,21 3J2 -6.53 -5-.50 4.45 3.19 2.23 1.37 
CRL J.20 1'0 us 0.27 025 0.25 3.3-7 J.34 3.36 5,98 5.46 5,50 356 3.31 3.54 

DES l12 ;,23 135 0.76 {J_:'i-8 0.37 ' 4.34 3.70 3.27 15.26 12-02 R.ll 9 37 l,96 1.76 
4 CDR .).26 -1.34 -1.41 -0.29 -0.25 ...() 21 3.25 3-.12 H◊ -6.36 .5.43- -4.71 2.58 1.37 1.28 

CRL ' L22 J 31 1.37 0.27 0 27 C JC 3.J.S DO 3.43 '90 5.85 6.6l 3A0 3,00 
40~ DBS l 11 122 L34 0.89 03:>5 0 43 4,5() 1.66 330 17.23 13.29 9.l) 10.07 5.73 3.03 

5 CDR ., 22 .j 29 -134 ~:.: 14 -0.22 --0.20 . 3.09 3 o, 310 -5.34 ..4.85 -4A't J.07 033 l 12 
CRL LI& 1.25 1.30 0.25 0.27 0 32 3.23 J.31 J.44 5.46 5.95 7 OJ 2.42 3.12 4.12 ' 

DBS 1.06 1.16 L27 lHO 0.69 0 45 4.31 3.75 137 17.45 14.04 9 i2 9.23 t,,26 361 
" 

6 CDR '~U7 -l.23 -1.27 -0.22 ,() l 9 -0.19 3.09 3.04 3.06 -4.78 ..427 ·•L32 LOS 0.56 0.67 
CRL Ll4 l.l9 L21 0.25 0.2% 0 ]7 ' 3.10 1 35 352 5.42 626 7.97 I 2.99 '.l45 4.71 

DBS I.OJ I l2 ; 21 0 97 0.69 0.45 4.56 3.77 3.33 18.42 )4.02 9.67 10.29 6.42 3.30 

. & CDR -1.07 .J 12 ,j 12 .Q.20 ..0 17 -0.19 J Ol 2.99 302 -4.34 .J.89 -4 16 0.19 -0.0'l 0,25 
CRL 1.03 1.08 1.07 ().26 0.30 042 J 29 lJ7 J,61 5,84 6.49 897 2.% 1.59 5'7 

DBS 0,91 l.Ol l.07 1.!}7 11.74 047 4.91 3.39 H4 19.82 14.88 '" ' 1l 6(j 7.11 3.32 

16 CDR ..0.72 ..0.71 -0.65 -0.1)3 -0,0:i -CUI 2.99 J.11 J.lA .0,72 •Ll2 •2.35 --0.07 1.22 2.SI 
' 

CRL 0.68 0.67 0.62 0.18 0.27 0.41 3.58 ),90 4.43 4.06 6.00 8.77 5.19 7.18 9.76 I 
DBS I 0.65 0.67 0.65 LOO 0,70 0 45 5.53 4 4G- J 73 19.70 M.23 9'.73 13.52 9.64 6. 18 ' ... , . Table 4. Compariwn of tho, CDR, CRL a1Hl DBS Ht!Stict for Z', 111 ranifom va~.able N(O.e) with a folluwmg a Markov prneeu .. =1 

' 



-----··· 
Kurtosis (si,.;.iflcancef m statistic u/cr Skewness Kurtosis SkewnJSS (~ignifican(e) 

,, ,, &, ,, ,, ,, ,, ,, ,, ,, ,, ,, i ,, ,, ,, 
l CDR .g Ol -tl39 .() 57 -{U2 .{) !19 -fl06 3-()'.; 2.95 "' -2_76 -1.96 •UO 027 -0.54 -1.79 

CRL lU2 7 91 ii 8 l ' 0 08 0.07 ,-0.00 JU! 2 " 2.97 1.84 l.47 --0,01 O.!S -0.53 -0.24 
DBS ' 3.14 3.97 5.37 ' 0.93 0.59 0 25 4.}(, 3.38 2.82 17.95 12.32 S 56 9.47 3.63 •2,i5 

3 CDR -10 15 ~10.42 -10.34 -0_08 -0.08 -C 05 2 97 2.83 lOS -1.RU l 75 -1.10 -0.24 -z 07 089 
CRL 771 6.12 S.40 0 04 J.02 om 2.86 2J(8 2.84 0.79 {}_36 061 -1-60 -l.42 -US 
DBS 2.79 346 5.10 0.99 0.65 0.24 4 S4 3-49 2.90 18.78 lJ.40 5.28 W.12 4,53 -] 13 

4 CDR -9,74 -9.86 •9.46 .004 --0.03 -002 3.00 2.92 2.97 -0.94 .(J 71! -0.45 0.11 ..0.89 .. {f 25 
CRL 6.49 5.74 4.66 0.06 0.06 0.09 2.83 2.86 2.83 I 138 l 25 2.12 -2.0] -l.67 --1.99 
DBS 245 3.Gl 4.54 ; 04 072 0.25 4.58 ] f,2 2.89 J,.51 1459 5.54 10.41 SAl -l.13 

s CDR -9_'X1 -9.19 .. g_70 0_{)0 0.01 O.Ol 1.94 3.07 2 99 0.02 0.21 0.12 -0 63 0.86 .OJO 
CRL 5.77 5.IB 4.20 0.09 0.09 0.15 2 l!7 2.83 2.SS J.99 2.06 3.43 -US -2.01 -l.72 
DBS 2,17 2.n 4.08 1.15 0.73 0.29 4.84 3.$7 2.91 20.88 14.70 6.33 11.38 5,08 -1.02 

6 CDR •8,71 -l!..59 -8.07 0,03 0.02 (!_03 2.89 2.87 304 0,60 U.55 0.Gl -L27 ~U4 0.50 
CRL 5 20 4.61 3.90 !)_ 12 OJJ 0 2l 2.84 2.83 2.89 26(} 2.89 4.70 -1.86 -2.08 -L24 
DBS 2.00 2 53 3.67 1.20 D.78 0.33 4_95 362 292 21.S6 lBl 7.30 1L?6 5A5 -0.82 

• CDR -7,13 -7.52 ~7 03 0.06 0.05 0.01 2.84 2.89 2.94 1.29 1.22 O.!j -l.89 -1.21 .(j_67 
CRL 4.50 3.96 3.43 0.15 n21 0 3] 

\ 2.80 2.86 300 311 4.71 7.29' -2.'.l:9 -1.58 0.06 
DBS l.74 2.28 :DJ 1.28 0.81 0.40 ' 5.08 3.61 2.9:5 22s62 l.5.% H.65 12.18 536 -0.56 

' 

16 CDR -5.35 -S,08 4.66 0.12 007 0.00 2.90 2.94 2.% 2.62 !AS oo, ~.l 12 -0.62 -0,34 
CRL 3.18 2.1:15 2.55 0.37 0.51 0.60 3.04 3.22 3,)7 8.10 !(}_7J 12.53 0.55 2.33 3.57 
DBS 1.35 L78 2,43 1.48 0.97 0. 59 5.81 4.02 3.]1 24.85 18.41 12.38 14.2~ 7 83 3 26 

T:itble_S. ComeatifOll Qf tbe CDR, CRL:and DRS $a.folks fur Z\ an ARCH ~rm:e·u fl:$ desuibed in the text 

m 
0 .. 

statistic "'a Sicev.ness Kurtosis Skewne$S (sig,ruficmiee) Kurtosis: t si ) ,, ,, ,, 
' ' ,, ,, ,, ~ ' " " ' ,. ,, 

2 CDR -6.45 -6.-69 -7.13 -0.20 .O.l9 -0 ;4 2.97 3.05 3.01 4.54 --4. 30 -3.D -0.32 0.60 0 l8 
CRL 6.64 6.87 6.7fi 0 20 0.20 0,23 3.06 3.13 1.09 4.35 4.45 5.13 0.77 1.48 1.06 
DBS 3.81 4.20 5.22 0.76 0.64 0.35 4 09 J:72 J.10 15.31 13.19 7.54 S.21 6J)7 l.12 

3 CDR .6,71 -7,03 -7.56 --0.19 ..0.15 -0.11 300 2.97 2.97 -4.31 •3.30 -2.43 0.09 -0.26 --0.32 
CRL 6.79 6 69 6.13 0.22 0.24 0.23 3.08 3.06 3.05 4.79 520 5.18 -0.95 0 77 06-0 
DBS 3.14 3.68 4.88 0 95 O.GB 0.33 4.64 163 3 01 18.17 lJ.81 7.14 10.64 5.48 0.13 

1

4 

I 
CDR -6.85 -7.25 -766 t "o 1,1. -C.12 .• (J.09 2.96 2.94 2,98 -3.16 -2.79 <2.00 .Q.34 ,064 -0,14 
CRL 6.5) 628 5.54 0.22 0.24 021 J.03 3.06 3 ;)I 4.81 524 4.00 0.JS 07<1 0 23 
DBS 2.73 3.29 4 47 l 02 0.7(1 0.34 4 68 3.57 3 00 EU? 14.27 744 10_76 5 09 lUO -' 5 - CDR ,6,9S -7.33 •7.58 -D, 13 --0. IO -0,08 2,95 2.93 J,OC -2.83 -2.25 -1.82 -0.54 -0.73 0.09 
CRL 6,i9 580 4.% 0.25 0.23 0.21 2.99 3.01 2.97 5.43 4_99 4 6l 0.01 0.22 -0 30 
DBS 249 3.04 4.32 L04 071 0.32 ' 4.53 3.54 3 02 19-49 14.44 706 l0-41 4.87 0.30 

6 COR -7.00 -7.30 .7 ,iQ 
"' 10 -G.OS --0.oa 2.97 2.99 300 -2_26 -1.82 -LS2 -0.30 Q_OJ 0.01 

CRL Sf;) 5 3C ,u;i 0.14 0 . .12 :Ul 2 99 2m 2.93 5.13 4 86 4 91 ; -0.0S -0.30 ..0.77 
DBS 2.30 2.93 4 03 l.08 0.69 0 35 4,61 3A9 3.07 19 95- 14,14 7.(;9 JO 52 4 51 0,81 

~· 

" CDR -6,94 -7 OS -6.92 -CH»! -0.08 ,006 1.99 3.03 3.02 -! 73 .J 75 .t.37 .() 04 0 41 0.25 
CRL 5.17 464 3.95 0.22 0.23 0.18 2.93 2_92 294 4.BS !U6 6.l? ,0.76 .() 92 .(J 66 
DBS 2.07 2.65 .lSl LI3 0.74 C 37 '73 3.59 3J8 20.68 14.1!7 8 01 l0.97 5.25 l.91 

16 CDR -5.84 -5.62 -$.17 -0.02 -0.04 -0.04 2.99 3 00 3.11 -0.52 -0.85 -0.79 0.00 0.09 1.20 
CRL 3.67 3.31 2.89 0.3-1 0.38 0.48 Vi-3 2.93 3.08 6.1!2 &.:n 10.21 ~1-97 .()72 0_94 

i DBS 1.65 2.U 300 l JO 089 0.52 5.19 3-95 3.39 ; 22_79 17.22 11 .04 12 52 746 3.74 

Table 6. ComparU:fn Qf the CDR, CRI. .and.DBS sa,~i5tit$ for Z', an 11utoregrenlve chi,n~ sfate process u descri~d ln th~-~-~~ 

, 



.... 
Stochastic .oc= / 

m statistfo Z' z• 7·· Z' z· "/} Z' I .. 
100" rr.t,& .. 100 ).I,, rJJL, \ 100" VJ" lOIJµ., crin .. !OOH. OJH. 100 L cr/.&_j 

' CDR ' I 19 iJ.10 0.62 006 3 {)5 0 02 1.65 J.!] 3 52 0.00 2.82 O.JI : 
CRL 1.33 0 16 072 0.30 5.55 0 14 1.85 0 13 5.44 0.10 3.43 ()_ I{) ' 
DBS 0. 1S 039 0.07 0.28 0.63 O 12 0 21 041 0.84 0.23 O 51 0.34 

J CDR 1.10 0.08 1.57 0.12 7.53 !J.01 44& 0.09 7.03 0.01 6.60 005 
CRL 2.32 0 17 I 17 0.14 9.36 0,18 3 39 (U5 11.05 0.0l} 6,17 0.09 

' DB.S 025 0.3.S 0.13 0.41 0.94 il.16 {) 1Q 0.35 1.38 0 17 095 024 
14 CDR ' S 71 0.0<, 3.23 0.17 12.80 0.01 8.21 0.06 I 1.51 002 10.68 0.02 
I CRL 3.24 0.19 1.77 0, 10 12.03 0.17 4.81 0 I H IS 69 0 II 8.69 0.09 

DBS 0.34 0.34 0.20 0.46 :.20 0.12 0.53 0.)3 t.80 0.14 l.27 o.zo .•. 
5 CDR &.91 004 5.50 0.16 18.93 o.oi 12.7} 0.04 16.54 002 15 01 002 

CRL 4,03 0.20 2.41 0.09 J4 40 020 6.10 0.19 19.69 013 10.99 0.09 
Das 0.43 0,31 0.27 0.44 1.37 0.15 0.66 0,28 2.11 0.14 LSJ (l.17 

6 CDR 12.60 0,02 8.40 0.14 25.77 0.02 17.8K 0.02 22.14 0.02 19.60 () ()] 

cm, 4.83 0.22 3.09 OJI 16.26 0 21 721 0.21 23.23 0.14 13 13 O.!O 
DBS 0.50 0.29 0.3:J. 0.41 1.51 0.16- 0.7S 0.27 2.37 0.14 l.75 0,16 ' 

' CDR 21.11 om IS.42 0.07 4162 001 29.37 O.o! 34.94 0.02 29.52 0.02 
' CRL 6.ll 0.25 4.32 0,17 19.45 0,21 9.20 o:n 28.60 0.15 16.79 0.12 

OBS 0.63 0.28 0.47 0.35 L75 0.15 0.95 025 1.17 0.14 2,06 0.13 
16 CDR 63.62 0.02 50.56 0.02 123.71 0.00 89.65- 0 01 103.71 0.03 80.31 O.oJ 

CRL 9.41 0.26 7.39 026 26.&S 0,23 14,60 0.24 40.48 0-19 26.55 (}J7 
DBS 0.% 0.23 0.74 027 2.34 0.16 !.40 0.12 3.7il 0,11 2,78 0.09 

Table 7. Mean, snd standard deviation divided by the mean, of the 1tandard dtviatioos n(e,), o-(i:1) and er(£,) 
obtaltted :at thn:e vaJuei of e: for the cnn CRL and DBS u1tistics of each of the stochastk r,roce.•ncs Z1, 

' 


