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Abstract

In "An Alternative Correlation Statistic”, the author compares the
Correlation Dimension Ratio (CDR} with Grassberger and Procaccia’s
Correlation Dimension, (CD) showing it to be equally wuseful for
distinguishing between deterministic and stochastic processes, while at
the same time providing a test for the 1D null. The CDR also eliminates
the CD’s bias towards low dimension in relatively short time series (this
bias accounts for spurious low-dimensional results of 5 to 7 in the
literature). Here, the CDR, and a related statistic, the Correlation Ratio
Logarithm (CRL), are compared to the DBS statistic in a Monte Carlo
experiment measuring the moments of their distributions. The CDR, followed
by the CRL, are found to be consistently closer to the normal
distribution, mare sensitive to stochastic structure, and less
heteroskedastic as £ varies,

1 Introduction

In recent years the application of the Grassberger and Procaccia (G&P)
correlation dimension (CD) (1983) in economics has been of interest. The

CD measures fractal dimension and can distinguish between stochastic and
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deterministic (e.g. chaotiz] processes. Brock, Dechert and Scheinkman
{19871 then developed o related statistic {referred to az the DBR
statistie) testing for the 1D null whose applications include 1esting for
nonlinearity in stachastic processes, In 2 related article {Maver, 1993],
we define & simifar stalistic which we refer to as the Correlation
Dimension Ratio {CDR). It has similar applications to the DB statistie,
and in addition serves as a good numerical method for the calculation of
the CD for series having correlation dimensions greater than one. In
particular, it remaves the bias towards low dimension present in
applications to time serfes of lengths arcund 500 (about the minimim
length Tor which meaningful results can be obtained] and shows that some
of the ambigous or low-dimensional resuelts reported in the lterature
(typically dimensions between 5 and 7) are spuriously induced by the Ch.

in that paper, vevera! tesis compare the CDR to the €D, showing it to
provide a more powerful test for presence of non-linear stochastic
structure. The purpose »f this paper is to compare the CDR fc the DBES
statistic. By carrying out a Monte Carlo experiment messuring the moments
of the distribytions, we find that the (DR 8 clogser 1o the normal
distribution than the DBES gtatistie, more sensitive to  stochastic
structure, usnd that its variance varies less with &, the measure of

distance involved in the correlation dimension.

2 The Correlation Dimension Ratie (DR}

et 4 {at st o= f,.. . N} e a {inite series of real pumbers., For ssch m

m 1,2,...N, T & N, write

. . |
Hlsd,m, 1) = {{at"”’atﬂm«»il’r] i1 = b, N={m=~i}t} & R {2.1)

for the set of t-lagged m~histories of 4. Abbreviating H = Hidm, v}, and
letting #H be the cardinality of H, let Cm(zl s (D) - [0,11, given by

L Bix,y) & HXH : x * ¥, [x-y] € &}

FHEA-T) (2.2

C_{x)
m

be the relative frequency with which the distapce betwesn pairs of vectors



in H s tess than ¢. Here | | is the maximum norm of R™.

Definition. The correlation dimension ralis [CDR} of such a sequence o

with lags of order v is {in terms of the notation above)

COR = lim _ CDR{m); CDRim} = iim_ . CDR{m,e,T},
T m-xa e
togC_(e) (2.3)
ijﬁ{m,e,‘z} = IW-
Grassherger and Procaccia's correlation dimension (D) instead has logie)

as numerator:

i?,{},z = 3zmwiii}{m}; CIHm] = hmeq)o{:{){m,e.“c),
Iogcmie} {2.4}
CDIMLE,TT = cogorrrmsssaes
Toge
The RS statistic is
DBS(m.&,T) = € (e} ~ {Zlie}m, {2.5)
We also introduce ihe correlation ratio logarithm,
Cm{t:}
- CRL{m,e,7} = Ieg[m) - m.» {2.6}

H

We mention a few general peints about these statistics.

Let {Zj} be a strictly stationary wrocess and let 4 = {2:1,,,.,ZH}.
Then we may regard CDRim,e,vh ChimLe, 1), DBSim,e,v], CRLim,¢,t] 48 random
variabfes. By applying the techpigue of U-statistics {see Serfling, 1980}
Brock and Baek (1951) show that DBS{m,e,1) is generically asymptotically
noremally distributed as N = ®, with mean ¢. Their results extend
srralghtforwardly to CDRim,e.r), CDlm,2,t} and CRL{m.e, 7} {(spe Mayer,
19953,

In this paper we shall use v = 1, and remove ¢ from the notation.
Observe that wsing 7 2> 1 {8 eguivalent to replacing -{Zl,,,,,ﬁﬁ} with
{Zz’zwé"”’znt&—i}':}’ 5o that in our tests this would be equivalent teo
replacing the process 2 with the jterated process.

By definition, CD{m)} = CDR{m)CI¥{1). For stochastic processes, and for
detsrministic processes with €D = 1, CD{l) = L Thus Tor these processes
Chim? = CDR{m). For deterministic protesses with €D ¢ §, CDim) = ORI < ¢

L



so CDR(m} = 1. Hence CDR{m) distinguishes stochastic from daferministic
processes just as CI(m), but will yield CDR{m) = | for cases in which (D =
}. The theorems which estahlish these and other general properties of
CT¥m) also establish those of CDRIm} {see Brock and Dechert, 1387

In practice, the CD of a time serics is determined as followsy, For

each m, COim] = lim_  _CD(m,e} iz calculaied as the coeffisient in a linear

g0 .
regression of iogfim{s:} with respect to joge, In & vegion of small yalues
of € where the reiation between both variables is approximately linear.
ChR{m) = lime_mCDR{m,a} is similarly determined in a linesar regresgion of

iagcm{s:} with respe¢t to ?ogCZ(&':},

3 Comparing the Correlation Dimension Ratic with the DBE statistic

The purpose of this paper is to comparg the CDR with the DBS statistic.
Twe important peints arise when deciding how to compare them, The first is
that the CDR uses data obtained for a region of values of &, while the DBS
statistic ig defined for a fixed value of . There is no c¢lear, practical
way to combine the informalion obtained from several values of £, beoause
the variance depends on & and ifs calculation is very lengthy {of the
order of N CD calewlations). The second iz that, singe the CDR is obtained
by a regression rather than a division, its behavior al a fixed value of ¢
could be similar to CRLIm,e} as well as ChRim.2).

The performance of the DBS statistic in particular depends on how
well it approXimates = normal distribution, because significance intervals
are obtalned by caleuiating the asympistic variance. Normality, which is
important per se, alsoc has a bearing on the validity of the linear
regression  used 1o caleuiate the CDR, Thus onr comparison of  the
statistics wili be based on testing their distributions for normality. The
CDR and the DBS statistic are both based on the same component random
variables Cm(a}. For fixed values of g, they sre obtained by different
functions!  wansformations  which  siter  their prohability distributions.
Thus measuring the skewness and kuptosis of  the distributions should

provide a good test of the differsnces in nornmality.



Thus our method is 10 carry out a Monle Carlo experiment measuring
the moments of the statistics CORim,e}, CRL{m,c) and DBS(m,c).

4 The Monte Carlo experiment

We carried out the experiment for six processes 7* = {}Zj: I = 3% 500} In
the ocontext of dimension caloulations, series with N = 800 termg are
whort. We compare for each 75 how cloge the distributions off the dimension
measures COR(Z")m,e), CRL(ZXMm,e), DBS(Z")m,e) are to the normal
distribution, which they approximate agymptotically when N -+ w,

The six procesges Z¥ are the following, Let " be D pormal random
variables MN{O,1} arnd v} be 1IN uniformiy distributed random  varipbles,
Define Z' 10 2° by

E o= oy CAN 2 20
b J ] } .
3 4 - .
’.Zj = !u}_:iz&j zhl o f)l’.} + iﬁy}{ﬁj, 3.1
Zﬁmau; z =.$2£’+au;
} i} 31 i 13

1 = j = 500, with initial values Q where necessary and where a} ig a
random variable with value | or 2 following a Markov process defined by
the probabilities

- e ) - - [¢ .8
P(au; w i a = i) = A”, i,j € 1,2}, where A = [.8 L

Gur  numerical  procedure for  the  cajculation  of Cm{a} has been

]. (3.2)

yeparted {Mayver, 1998} We obtain mei} recursively in m using mainly
short integer arithmetic, using an algorithm with low memory requirements.

We use 256 vaiues of ¢, namely
€ = »égl; z:*, 1= 1,..,25, where & = mxiz{»z}; {3.3)
for each time series of 500 terms of a given Z, The dimension m ranged
from 1 o i6,
The moments where measured Tor three values of £, The region of
linearity batween 1ong(a) and logcifejl or loge varies with m, so we let

the choice of ¢ depend on m by the fTollowing procedure, For sach zx: , we



calculated 100 instances of Cm(si] and found the largest &(m,j), for which

ConCtmy) =0 T =123

with (bl’bz'b::} = {0.05, 0.1, 0.15).

(3.4)

These numbers #m,j) where averaged over the 100 instances, obtaining
Z(m,j). With these preliminary numbers obtained, moments where now

calculated for the random variables
CDR[m,eJ} - m, CRL{m.eJ), DBS(m,eJ} (3.5)

where eJ = e[ﬁ(m,]}]’ J = 1,2,3 (observe that to report the experiment we
normalize the CDR so that its theoretical expected value, as £ tends to
2ero, is zero.

For each random variable Zk {a series of 500 terms), 3000 instances
were now calculated. From each of these, the random variables (3.5} were
simultaneously obtained, obtaining therefore 3000 instances from which the
moments and their significance were calculated.

We obtain the significance of skewness by the approximation of its
null distribution by a Johnson SU curve given by D’Agostino. For a sample
of 3000 we have:

One-sided significance of Skewness
Significance level 0.10 0.05 0.025% 0.01 0.005
Significance index 0.057 0.073 0.083 0.104 0.115

The significance of Kurtosis by the Anscombe and Glynn approximation,

which yields an approximately normally distributed significance index:
One-sided significance of Kurtosis
Significance level 0.10 0.05 0.025 0.01 0.005 0.0025 0.001

Significance index L28 le4 L9 232 2.57 2.81 3,85

(D'Agostino and Stephens, 1986 is the reference for both significances).




5 The resulty

in Tables 1 o 6 we report for the procesues yARE TS Al {respectively) the
experimental wvalue of /¢ (mean divided by standard deviation) and the
experimental values of skewness and kurtosis, and their significances,

On the one hand, in the I cases 7' and 22, i shoutd be ag close
in zers as possible, On the other, in the non-iiD cages 7% o ii';&, the
Jarger the experimental value of w/e, the more sensitively the statistic
deterts the dependent structure.

We also report the standard deviation of the CDR, CRL and DBS
statistics i the fellowing way., What is  interesting i how
heteroskedastic  these  distributions are as e varies. Therefore we
caleulate the mean Ko and the standard deviation Ty of the thres values
cf(s:i}, a*{czz, crta:z}g reporting 100 {for reasons of scale) and T B

ur ghservalions are the ollowing.

{a) p/¢. For the IID cases Z' and Z°, the three statistics CDR, CRL, and
HS give similar magnitudes of deviation from the theoretical mean. The
CDR has some much smalier deviations for m = 2, tending to increase with
m, while the CRL. and DBS deviations tend to decreasze with m. In the case
af non-lID distributions, however, the devigtions are c¢learly mucl preater
for the CDR, fellowed by the CRL, and then by the DBES siatistie {in the
case of Z° orly a weak dependence structure is present, since the Markov
process tends to alternate fairly regularly while its effect, doubling or
halving the standard deviation, iz not too strongl. For these serles the

devigtion tends 1o decrease with m for the thres statistics,

{b} Skewness and Kurtosis. ln both cases the CDR and the CRL {more the
firzt than the second) are c&asistemiy better than the DBS statistic,
with the lmprovement Increasing with dimensien. The CDRE tends to be
negatively skewed, with a positive mean, while the CRI. and DBS statistics

tend 1o be positively skewed, with a negative mean, (representing mors



probability for Cm(s} ¢ Cl{c}m then vice-versa). The CDR is almost
acceptably normal for many values of m in the cases Z° and Z° (ARCH) while
its kurtosis is almost acceptably normal in the cases 21, Z% and Z° In
general, the CDR and CRL, in that order, have less probability distributed
in the tails than the DBS statistic. The DBS statistic becomes

particularly distorted for non-1ID random variables.

(c) Heteroskedasticity in £. The valyes found for u-o_/pu_ are strikingly
consistent and show that the sequence CDR, CRL, DBS is increasingly
heteroskedastic (except in the case of the uniform random variable in
which the CDR and the CRL change places for some intermediate values of
m}. For practical purposes the CDR may be said to have low or very low

heteroskedasticity as & varies.

It is worth mentioning that the CDR produces meaningful results for
data sets well below the order N = 10™ suggested to be necessary for

dimension statistics by Ramsey, Sayers and Rothman (1990).

& Conclusions

For time series of the order of 500 terms, the correlation dimension ratio
(CDR), followed by the correlation ratio logarithm (CRL), are consistently
more sensitive to stochastic dependence than the DBS statistic. Also, they
are systematicaliy closer (in the same order) to the normal distribution,
having less skewness and kurtosis over a wide variety of dimensions and
values of . Finally, they are less heteroskedastic (again in the same
order) as £ varies over the range 0.05 = Cm(r:] = 0.15, which for this
length of time series represents the region where one may expect Cm(s] to

be approximately log-linear with respect to Cl(e} or g.
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i sfatistic s Skewness Kurlosis Skewness {significance}] Kurtosis (signiffeance}
1) g £y £y £2 2 £y Ey £y £y £ £y £ £y £
20 € 068 007 008 031 426 49T 304 20D 380 0 450 -566 41 054 100 0.3
CRL 2t 015 B3 G2) 027 43§ 304 102 288 | 465 64 436 | 032 G2 -132
B8 | -019 W04 W02 (127 0280 021 | 333 313¢ 319 1 5835 632 a4 L 329 379 202
31 OH G870 005 059 417 0§32 ) A0 308 16D 1 388 W23 LTI 18R 4% 803
CRL | -8 8311 8111 0 020 033 388 106 3480 ] 430 438 338 ] 096 a7 o0
PRS | 0131 631 Q10 G624 0323 046 1 355 3400 307 | 340 558 353 [ 497 381 181
47 ChR 009 009 008 | 023 007 002 ] 321 314 304 ¢ 508 365 271 222 .50 0.5
LRI 18 612 D10 83 G2 DE3 327 3280 3113 528 442 33 27 a8 143
ES St W30 Q08 QR3] 621 G171 3%2 0 153 3311 73z 47y 386 1 872 4% 239
31 ODR 602 0y U589 1 D3 BT W42 3313 308 i 434 W38 3FT L 14 {30 048
RL L33 431 0} 023 DzZ0 645 7 330 200 3z 504 448 340 3 208 201 130
DBS | .010 00 0081 836 024 019§ 3RE 348 321 | 575 829 420 | 708 443 2.1%
g1 LR Gl 042 007 101 D16 O34 300 303 108 [ 420 W365 203 103 n4: osd
CEL 333 41y DY 82T 021 4471 0322 32060 313201 439 453% 3RS 1 23R 244 31y
DBS | 400 0808 0001 027 0230 421 1 3182 330 32 i 5% SIR 443 1 670 461 132
B} CDR 0.11 011 010 | 019 016 015 | 29 299 300 | 426 334 330 [040 L0030 442
CRL | -813 812 Liti 612 017 046§ 312 324 138 ! 483 387 3% 1 138 243 348
RBS ( nat 5o WH00 0 033 028 8238 1 40% 381 33t 1 737 621 533 1 190 48% 217
i6; (DR g6 G185 L3 428 Oy L2307 34 33 3467 4% 14 440 1 D48 i.ig  DR7
CRL § 08 018 25| 083 008 085 | 338 347 367 1 243 191 LIo | 3o 437 877
Dpes [ <010 01y DY 058 049 640 1 542 443 359 11219 W42 R 11321 977 524
Table 1. Comparison of the TDE, CRL and DBS satisiies for 27, a normally distributed randoem variable N3 1),
mi shatistis wo Skewnass Kurtesis Skewness (signaficanset Kurtosis {significancs)
£y £ £ £y £ & £ Y £y £ £ By £y By £3
2] CBR 602 002 603 ).043 061 8415 351 4800 378 | 520 L1281 KRG 488 191 6.3
CRI. 1021 017 015 7] 043 061 041 | 352 398 372 | 928 1257 888 | 472 162 6.08
DBS P2l W07 W18 | D48 864 Cal | 3SR 43 3821 97 1308 30 | s34 828 &3
31 SR O §03 00% 006 1039 -035 L0281 3343 336 330 B33 73z 4l 480 189 3
CRL 417 D34 001 538 (34 D3R 358 325 335 ; 833 F4AT 4624 1 445 137 L%
IS 046 013 0301 045 039 €32 1 3700 332 3139 1 960 840 694 ] S594% 0 3178 3 M
4 COR 006 008 007 | 032 038 020 320 34 10D | -TE7T LRS00 445 ) 2313 4% @08
CRL -8 -0z B0 032 034 03201 317 120 297 ! 698 743 44% 1 188 0% 030
OBS P -03d 031 L0001 0480 041 025 1 340 342 308 1 R&S  BTS 345 1 3R2 3% 040
51 R pH6 008 068 3 032 S030 008 321 308 3 | -7i0 665 3961 223 1R 032
CRL | -0.13 011 010 | 032 030 037 [ 318 313 301 | 697 &35 379 | 191 143 013
DBE 011 4005 L0081 84) 53 035 1 348 341 34 1 824 K43 543 1 441 350 123
&1 €07 008 4% 1 0IR 022 0151 307 300 i i 814 478 3361 08% G100 028
CRL 0830 887 1Y 027 021 434 7 3D 289 3401 10604 48R 314 1 036 10 U9
DES | 001 -H0y 0307 G40 D31 D23 | 3410 319 312§ B6T 6B 319 394 206 138
B CIR GO Ol Gn L2 017 L0201 302 368 301 1 .56 -3 4341 136 056 D4
LRI SEEY 033 320 G280 te 03% 1 3 M 3407 13 SHR 46 418 Ll ORG G42
PES 3847 B0 010 B4 83§35, 355 336 134 1 BBC 667 649 1 488 131 178
(6 CDRO| 0% 013 Q)1 | 83 W31 027 3% 337 306 | 67 B0 -3E7 | 2BY 2T LT
CRL | -0.17 015 6121 030 020 024 | 339 340 333 | 664 646 532 1 373 383 328
DES | 1 Y Dog 063 053 04a4 ) 43 383 339 F 1287 1181 938 7 852 678 37!

Table 2 Comparison of the CDR, CRL and DBS satistics for 20, o uniformly distributed randum variable,




m | statisiic wo Skewness Kurtosis Skewness (significance)! Kurtosis (significance}
e £y £3 & £ £y £ £3 £ E: £ &3 £; £y L2
2 R 207 837 L4903 408 47 L4037 28 283 281 1188 189 070 -118 088 4O
CRY, TET  &KS E6T 1 0% 447 001 b 305 2453 x| 40K T2 248 [ 037 14 093
DBs 37F 0 468 631 1 D66 0D4Y (15 1 375 3123 288 11358 875 33 1 628 34 137
3| CDR | 858 £46 G010 031 004 L07 ] 2RF 0 288 348 | .248 079 L0381 97 166 84%
CRL 53 488 408 1 426 021 6325 1 303 255 299§ 372 4587 3451 038 4488 D08
9] ZRY 145 451 1 D80 433 023 ] 442 343 2% 11747 1231 543 | v 408 0%
4| COR -850 538 4051001 003 000 ! 238 299 311 ) -0A%F 0359 012 [ -37 007 128
CRIL 43 39% 340 1 026 D28 O3 | 303 305 308 | 572 583 T44 ¢ (62 087 093
s 2.5 380 BN 491 %5 (225 4.24 1Z3 34t 1754 1166 L43 §.92 251 4.1
5 CIR 4 482 a5 4D 00t 2.53 6% dgmoia?m 7 022 10730 498 088
CREL 3179 3144 392 1028 833 041 ' RIC 313 313 5 625 VY 8B5S | 14w 144 135
LIRS 2158 264 323 1 100 042 043 | 438 337 315 | 1896 127F 718 1 955 361 147
81 CDR ! 426 404 V2811 603 0.0z o461 | 29 340% 3485 | 476 049 433 | -H0R 499 (48
CRL 338 302 260 1 431 £39 £47 1 315 RIT 0 O33% P 687 838 HiBY ) 159 LES O 188
DES P44 342 B4 188 068 04D ] 4534 350 326 2008 1353 849 | 1022 488 157
B OCDR | -343% 323 297 003 003 001 300 300 2827 05% 068 022 004 0 B8R
LRI 2.7 249 1% | f42 047 05T 1 325 x4 339 | 513 M4 11W0| 250 246 291
DEs 169 261 23F 8 by 479 6311 4%3F 37%0 1M 12123 1573 W77 1163 647 131
16 CDR §-1.94 -1E3 L1630 007 608 DD4 ] 2988 29% 308 ¢ 166 203 092 1 L0104 093
CRIL 1.63 1.53 1.36 G.54 2,57 0.0 3.5 15A 386 31137 1195 118 303 5413 6.55
DBY 136 1.3y 139 | ta7 103 066 | 602 444 381 [ 2476 1938 1147|1477 981 665
Table 3, Comparison of the CDR, CRL and DBS satistics for 2, 2 random varigble NG, faly with ¢ € N{9. 1)
mi stalislic uin Skewness Kurtasis Skewness (significance)| Kurtosis {sipnificance)
£ Ex £y s £ £s £1 £3 £y B3 £; £ £ £y €
2GR O] -ID S0 128 046 025 -0IB ] 337 328 320 1 -366 W5.3) RG] 36C 28] 213
CRL 099 114 1251 014 G323 017 1337 328 124 | 318 506 374 | 358 287 140
DRE 086 1.k} 122 | 944 04y G | 291 A4s 337 | 945 9 646 | 721 AW 347
31 OCDR O] L12% 0 4133 L14r P30 023 2000 3320 32 312 P65y L35 448 319 2323 137
CRL 1260 130 1,38 1 027 D23 033 1337 330 336 1 598 546 5301 336 331 34
pug P12 123 135 P 0 4sR 037 0 434 370 327 115326 1247 R | 977 8306 26
4%F ODR Y126 L1344 ] 0290 W25 021 3250 312 300 | 636 W543 4T 2580 137 1418
CRL 122 b3 v b oaxr 427 ¢3¢l 333 330 343 ¢ 395 585 £43 | 220 3498 443
DHS 13 123 134 0 0% 083 n43 ! 4s0 166 33D 1172 O133¢ 9315 147 3y 1o
5 LR A3 42 a3 £ 0220 520 3.0 308 140 1 53 4R5 K44 1.07 3,93 112
CRIL I8 125 130 ) 023 027 0321323 331 344 ) 546 593 T03 | 242 312 432
LBS 1.06 1.16 1.2% 49 468 (.43 4.3 275 337 11745 j4p4 872 G.23 &, 26 3.5]
61 CDR P17 <123 W137 0423 518 41 385 34 308 1478 427 43 1 108 B3 067
£R1. T4 115 12201 0285 4% DT 330 %38 3321 341 826 1F? {299 345 4T
DS 1.4 P12 Pl G 57 G469 45 4.56 377 333 1 1842 402 967 1 1029 642 3.30
g§i CDR SO WY2 0 W12 02D 417 09| 39) 205 300 1 43 3R A6 D19 002 025
L 103 168 LOT 1 Gaé 030 ez ) 32% 0 137 L8l S84 £49 897 1 296 3% 537
g 5.9 §.01 [RiY 1HY 4 847 491 3.32 336 1 IR 48R 94b ! 1140 7 3.3%
5l ODR | 07 071 063 1803 008 8317 290 X1 3 872 L1120 -2 10070 123 15
CRL 0.68 .67 0.62 018 027 {141 358 380 443 4.06 6.00 .77 519 TAR 9.76
IS G&S Q8T 0485 1 106 070 045 ] 533 440 3T 11970 M3 973 | 1352 264 &8

Tabis 4. Comparisen of the CDR, CRL unid DB satistics Tor Z°, & random variable NiBo} with o Tollowing % Markey process.

"



m ] siatistic o Skewness Kurtosis Skewness (significance) | Kurtowis (significance)

£, B ] £ £ £y £1 £y £y £y Ea £y T £y £

27 QmR B4 889 45T QI 8409 006 302 2088 2183 1 27% LGS W13 027 4% LYW
CRL B22 791 &8P 1 808 087 0007 30F 255 29T 0 184 147 001 ) 048 D353 24
DBg 344 367 537 3 093  USY 0357 436 338 28 | 1798 1232 556 F 947 363 .13

3p QDR O|-1015 -1043 1034 008 008 005 [ 2907 283 305 P -1EQ 1TS 0 LG | 024 20T 089
LRL TFLOB32 0 %40 ) 004 582 DAY ] 286 28R 284 1 078 G368 061 | -15D 142 .138
pRs 79 346 810 ;099 0465 D24 1 45 340 240 i8R 1340 83f | 10622 4,33 .1.13

4; CDR |37 985 9461 004 403 Q02 306 292 297 1054 07 D45 G110 8D 28
CRIL 649 574 465 | 006 006 (09| 283 28 283 O L38 125 22 | -2o3 157 199
DBS ZAS 3G 454 | ;04 072 535 ¢ &3R8 362 2G| 12451 145% 354 L1041 541 118

57 COR 387 S519 K00 008 001 661 1 2% 307 2498 1 862 G2l 0% 1 08 0% W08
LR TP 3D A 1 848 D09 Q13 ) 2EY O 283 285 0 189 206 343 1155 201 W2
Des 217 277 408 1 115 073  02% | 484 357  39) J20KE 1470 633 [ 1138 S0 .1.0%

&t CDR | «B.7Y -£35% .347 | QDY 02 083§ 239 287 3904 | 060 US3S Q4L ¢ -l2? .154 0 0%
CRE. 320 461 Rap | 412 413 0321 P 2R4 ZRY O 283 1 2460 2B 40 | (188 2408 04
pES 200 253 347 f j20 BER 003 1 485 1K) 9% ;7138 18552 A 1 1M6 345  A1RZ

81 COR {-773 752 2031066 005 008 | 284 283 294 1129 122 444 ) 188 121 .67
CRIL 4350 396 343 ] 01y G2 033 ! 280 286 300 ¢ 331 471 TA% |29 L1538 Q404
DES 174 228 43y P LR OORT 240 ¢ SO% 0 36 FAS 122462 1596 BES (12IR 336 .36

367 CDR O3 -5358 508 &80 012 007 0007 2% 294 X861 262 148 403 )12 4082 438
CRE 318 283 485 1 037 031 060 | 344 322 437 1 B0 MRV 12537 G685 233 3%
DBY 135 178 243 | 148 097 059 | 58] 402 333 | 2485 1841 1238|1425 783 32

Table 8 Comparison of the COR, CR1 and BBS satistics for Z° an ARCH provess a5 described in the text,

m | statistis o Skewness Kurtosia Skewness (atgruficanca)] Kurtodds {significance]

g g b2 5, g s £ £ B g & & £ 23 L)

| CDR O 843 460 RI2| 828 019 0340 297 305 381 | 434 430 -LIR 032 060 OiR
CRI. 6.54 687 &76 | 020 020 023 | 306 313 309 [ 435 445 513 1 077 148 106
bga 381 &3g 532 : QY9 464 435 : 408 372 30 | 1531 13.3% A4 01 33 447 112

ISR 67 103 WA B39 W85 011G 3000 297 297 1 43F LA30 J243 1 088 0328 03
CRL 6.7% 669 613 ) 022 024 03231 30 206 303 ;479 520 318 1 0%3 477 den
RS 314 368 ARE | 08 068 Q331 464 363 0] (1817 1381 714 | 1064 348 ()3

41 DR [ -68F 725 766 @ -84 G112 002 226 29 298 | 316 275 2 43 46 B4
TRl £33 428 5541 022 024 DI O3GY 0 306 301 4B 3M 4460 ;038 4T 073
L8 273 336 447 1 TO0Z 070 0.3 | 458 357 300 1 1847 1427 744 11076 509 40

f1 CDR [ 688 733 L7885 013 400 Q08| 253 293 300 § 283 22F 182|054 073 009
CRIL 6.19 580 496 | 025 023 021 1 299 301 297 | 543 499 461 [ 001 022 030
B8 249 304 432 1t 071 0S2 7 438 354 G421 1949 1444 704 | 104l ART 830

&1 CDE | -708 230 J40 ) 000 008 8408 297 299 30 1226 S1R2 O G1R2-030 081 04
CEL 5837 530 458 1 624 032 nEr o289 287 2931 523 4% 491 1 008 D30 477
DBS 230 293 403 ] 108 D8Y 035 | 46] 249 307 1199% 1414 7469 | 1052 451 048]

BRI CDR | 68 786 W49 008 008 506 299 303 302 173 L1750 37 L4 g4y 028
CRIL 5.7 464 395 1 02F 023 028 1 29%F 142 2% ) 438 516 617 1 0% 482 4468
1es 2407 2465 381 1 13 074 037 0493 338 33R (2068 1487 ®O1 10497 523 143

Ji6] COR ] -sR8  .562 3477002 004 D047 29 300 311 | 052 JHEBS 079 000 008 {20
CRL 367 33t 2&% 1031 038 048 | 283 293 0% p ARZ 831 021|197 072 4
nAag 145 2313 3600 130 O8F 9852 0 509 319% 336 L2279 1TEy (1G4 11283 T46 0 374

Table £. Comparison of the CDR, CRL and DBS satistics for Z¥, o aytoresressive change of state progess as described in the foxt.




Stochapstic process

misistigtis t 2 Z2 Z iy 7 Z3
W, o, H00p i, 1004, ofp, 1100, o, 110040, o0 1100, ody,
31 LODR 1.5 414 | 042 GG 308 0 HE 213 352 486 | 282 O
CRL 1.33 6146 3 072 0.3 555 0.4 PR 013 544 (.10 343 00
BS 015 Q3% @ D07 Q28 | 063 012 L 021 (41 ¢ 08 023 { GS1 0 (L34
3p CDR TG 408 1 15T 942 753 n4 448 08 L 703 GOl 680 003
CRL 232 Lyt 1LIT O 044 ) 9360 418 7 33% 0 4% 11165 408 1 617 ¢0%
nas 025 038 1 433 041 6.4 016 1 230 035 1 138 0171 469% 0 934
41 CIR 577 G086 1 323 G771 1ZB0 D9 | B2 o408 § 1151 002 11068 DR
CRI, 324 Q1% 177 0,10 | 1203 0,17 | 4.38) 018 | 1589 6.1 869 009
DES 934 034 1 220 046 | (20 612 {053 433 | 18 014 | 137 020
31 CDR 82f 404 1 353 416 1893 L4 @ 127F 004 1854 002 1541 a2
CRIL 403 G0 1 241 D48 440 520 1 610 449 ) 196% 013 131888 045
DEs £43 493 027 044 1 137 013 | Dee 828 1 211 944 1 1.3 .07
61 CDR 11260 042 | 840 014 12577 002 | 1788 002 | 22,14 002 | 1960 001
CRI. 483 022 1 300 0t l16zae 21 f 723 02Y 12323 034 | 1313 410
2] 050 09 1633 o4 1151 Gie L O g7 1 237 034 | 1Y% 018
21 CDROF2U1 861 11542 007 (41462 841 12837 041 13494 0062 12382 602
CRL 1t 0325 1 432 017 1 i%4F 021 ] 230 BZ; 12840 415 1187 D2
s 9061 HIR 1 047 035 11735 046 0 695 025 | 277 644 1 206 013
6 CDR | 6362 402 | 8056 0.02 1123.71 000 [ B96S Q.01 10371 003 | 0.3t 007
CRL 941 026 1 T3 826 12085 023 [ 14485 024 | 4048 039 | 2658 (17
LS 096 06231674 027 1234 046 1 140 0723 1 3% 4t 1 27RO

Table 7. Meaan, and standard deviation divided by the mean, of the standard deviations ufe), ofg;) amd e}
obtajned ai three values of & for the CDR, CRL and DBS satisticy of each of the stochastic processes 2,

£



