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Resumen

Este trabajo estudia el rol de los precios en los mercados reputacionalcs. Presenta una
version modificada del modelo de Milgrom y Roberts 1982, que sustituye un juego de
sefializacion en cada episodio por el juego de entrada diferida de los autores mencionados,
El andlisis demuestra que los precios no pueden funcionar como mecanismos de compromiso
en estec entorno. Ademais se caracteriza la dinamica de los precios en el (cuasi) unico
equilibrio secuencial del juego.

Abstract

This paper is concerned with the role or price signals in trading processes that rely on
reputations to enforce quality. It presents a modified version of the model in Milgrom and
Roberts 1982 that substitutes a non-standard price singnaling stage game for the entry-
derretence game those authors worked with. The paper shows that the ‘bonding’ intuition
of other related models does not catry over to this environment. Moreaover, it characterizes
the price dynamics associated with the (almost) unique equilibrium of the game,



1 Introduction

Most consumer goods are traded 1n ‘reputational’ markets, that is, in markets
where the quality of the item being tradcd, while known to the seller, cannot
be costlessly ascertained prior to consumption by the buyer., In such markets
buyers have an incentive to rely on the seller’s fear of loosing repeat business
to ensure delivery of the desired quality. In other words, they might rely on a
seller’s concern about his ‘reputation’ to ensure the quality of their purchasc.

This paper is concerned, generally, with role of prices in this type of
trade process and, mare particularly, with characterizing the resulting price
dynamics.

Prices represent a form of ‘pre-trade communication’, and might conceiv-
ably help in persuading a sceptical buyer to trade. In fact, the literaturc
that models reputations as a norm in an infinitely repeated trade has shown
how a particular intertemporal pricing pattern can operate as a quality com-
mitment device under these circumstances -a line of argnment often relerred
to as ‘bonding’ (see Klein and Leffler(6]). Even if prices should play only
a passive role (as will turn out to be the case in this model), I think it is
important to characterize price paths associated with the formation of repu-
tations. This because prices arc directly and easily observable, unlike beliefs
or information flows, and bringing them into the picture gives us a way of
tracking the development of reputations empirically.

The major literature strand dealing with the issue of reputation, the one
originating in the contributions of Kreps and Wilson[8] and Milgrom and
Roberts[10], has, as far as [ am aware, pretty much ignored these issues, and
concentrated instead on analyzing entry-deterrence storics in which there are
no prices.

The present paper aims to make a start in filling this gap by modifying
the model presented in Milgrom and Roberts[10], substituting at each stage a
‘price signalling’ game for the entry deterrence one that those authors worked
with. This ‘price signalling’ game is not quitc a signalling game in the usual
sense as it lacks the ‘single crossing’ structure that those games normally
have.

Consequently, all the equilibria of the game studied in this paper will be
pooling equilibria and, so, the present work will have nothing to say on the
interesting question of to what extent can prices serve to separate types (for



contributions of that sort, scc Milgrom and Roberts{12] and Hertzendorf[5])!.

Actually, there is a sense in which reputation and separation (but not
‘bonding’) are opposites: If separation is possible to start with, then there
is no role for reputation in the sense of Milgrom and Roberts[10] and Kreps
and Wilson[8]. Moreover, characterizing the pricc dynamic is immediate:
Potential cheaters will no sell, while ‘honest’ sellers will sell at the highest
possible price (under take-it-or-lcave-it price ollers by the seller).

On the other hand, I think the exercisc in this paper does throw light
on the question of whelher something analogous to the ‘bonding” story of
infinitely repeated games can emerge in this alternative set-up. The answer 1s
negative. The equilibrium displays the recursive structure of the equilibrium
in Milgrom and Roberts[10], and, hence, will not allow for the intertemporal
linkage of decisions implicit in the ‘bonding’ reasouning,

The main coutribution of this paper is to make a start in characterizing
the time paths of prices in such a ‘reputational’ environment.

Here again the comparison with work concerned with separation is en-
lightenring: The issue of scparation is often studicd in models of pure adverse
selection (Milgrom and Roberts{12] and Hertzendorf(5] work with such pure
models)?, while the model in Lhis paper is a moral hazard/adverse selcction
hybrid with a finite horizon. The dynamics of these two types of models
are quite different: In a pure adversc selection environment, price dynainics
will be driven by learning alone and will be; hence, totally backward lookiug,
In the type of model I deal wilh here, besides this backward looking force
(which here tends to raise prices over time as sales continue only if high ¢ual-
ity is provided), there is a forward looking force originating in the inability
of sellers to commit to supply high quality in the last period of the game
(which tends to lower prices as the cnd of the game is approached). In fact,
this paper will mainly be concerned with these two forces and their net cffect
on the evolution of prices.

Perhaps the most interesting result in this regard is the monotonicity of
the path in all but the initial stage of the game: It is shown that prices must
fall from the second period on, though they might rise initially depending on
parameters. Note that this implies that the dynamics from the first to the
second period are qualitatively different. This last feature, by the way, does

T thank a referee for these references.
27'hough neither of those two contributions are concerned with characterizing the evo-
lution of prices over time. They concentrate on the pricing decision in the first period.



nol disappear as the horizon goes to infinity.

This price paltern is rather surprising on various counts: First, the possi-
ble non-monotouicity at the start runs counter to the expectation that prices
wili track reputalions, and hence, fall throughont. ''he mtnition behind this
potcutial non-monotonicity is that, while increasing incentives to cheat as
the cud of the game is approached will tend to lower prices, backward look-
ing learning will tend to raise prices as time goes on (continuing high quality
sales are cumulative evidence that the seller is honest). In this light, what
is really remarkable, and in my view, not intuitive, is that from the second
period ou the former force should prevail over the latter. Actunally, this be-
havior is easily explained far away from the game’s conclusion: In such a
region, polential chealers will nol be cheating, and, hence, high quality sales
will not be informative, so that only the forward looking force mentioned will
operatc. The puzzling featurc is that prices should countinue to fall even as
the end ol the game is very close, when high quality sales become informative
(as fewer and fewcr rationals will be planning to supply high quality).

Less unexpected is the asymptotic behavior of prices: As the horizon
extends Lo infinity, prices will remain constant at their highest possible level
(after the initial period), only to [all from that level towards the end, as just
pointed out.

Paper Overview In the next section, the game is outlined and the solution
concepl used is discussed. The paper then characterizes the equilibria of Lhe
stage game. After this, the two period case is analyzed to illustrate why
prices need not always fall. Tn the next section, a more gencral formulation
along the lines of Milgrom and Roberts|10] is devaloped, and the asymptotic
behavior of prices i1s characterized. Finally, existence and uniqueness are
discussed, and conclusions are drawn.

2 The Game

In the stage gamc a T-period lived seller confronts a one period lived buyer
(who shares information across generations). The seller can produce either
high (H) or low (I.) quality at a unit cost (disutility per unit) of ¢y and ¢,
respectively, with ¢y > ¢z. The buyer s endowed wilh vy nnils of a nou-
produced good (‘money’}, which is assumed to enter linearly both buyers’
and sellers’ objectives. Buyers have unit demands for the good produced by
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the seller, with reservation values vy for a high qualily unit and vy for a low
quahlity unit. The [ollowing inequality relates buycrs’ reservation valucs and
sellers’ unil costs of production, vy > cy > ¢ > vy. Note that buyers will
only pay a price above costs if they expect to be supplied with a high quality
unit. Buyers will be assumed nol to be able to tell apart a high quality unit
from a low quality one ex-ante, that is, before consuming the good. The
seller might be of one of two basic types, Honest or Rational. 'The honest
seller will always supply high quality (that is, as long as it is individually
rational to do so)?; the rational one might or might not, depending on the
circumstances. Buyvers assess prior probability 6 that the seller is rational.

In order to avoid indeterminacy along the path of play! (as opposed to
the familiar multiplicity that results from the freedom to choose out of equi-
librium beliefs, which I shall handle via a refinement -more on this below), I
will assume that a rational seller can be of one of a continuum of sub-types
each with a different unit cost of producing the high quality good. These
unit costs are assumed to range from cy, to cy. More precisely, let each such
rational type be indexed by s € [0,1], and let ¢y (3) : [0,1) — [¢p.cq] be a
strictly decreasing, continuous function®.

In the stage game, Lhe seller moves first offering to supply the buyer with
one unit of the produced good in exchange for a certain amount ol money.
The buyer accepts ar rejects the offer. If the buyer accepts, the buyer pays
the price and the seller chooses (if he is rational) whether to produce high
or low quality, after which hc delivers the good to the buyer. The buyer
consumes, and by doing so, finds out if the good supplied to him was of high
or low quality. This signalling game is depicted in the diagram helow:

$Note that the seller will always be able to make sure the buyer rejccts an offer by
demanding a sufficiently high price. Hence, in order to keep things simple, 1 will not.
explicitly allow sellers to refuse to trade.

1 The exact nature of the multiplicity T am referring to here is the following: Tn the
two-period case, for initial belicfs above 8, scllers have to mix between providing high
and low quality (for similar reasons as in Kreps and Wilson(7]), but the mixture is uot
unique. This because now it is possible to make buyers indifferent between buyiug or not
(a necessary condition in order for sellers to be indifferent between supplying high or low
quality) for a whole range of values of posterior beliefs by selting the price equal to the
expected value of a purchase given those beliefs.

This results, for any given initial beliefs, in a continnum of equilibria indexed by the
probability that the seller provides high quality.

>This modification is in the same class as those introduced by Milgroin and Roberts{11]
into the Kreps and Wilson framework in order to generate unique pure strategy cyuilibria.



{Rationa; ‘d} {Automacon, i -4:

Fig. 1: Stage Game

2.0.1 Solution Concept

'T'he solution concept I shall use is the notion of sequential equilibrinm {Kreps
and Wilson 1982b). In order to deal with the multiplicity of equilibria result-
ing from the freedom to choose out of equilibrium beliefs, it is only natural
to introduce a refinement. Unfortunately, the sui generis nature of this “sig-
nalling’ game makes the conventional refinements of little use (i.e.. Cho and
Kreps[3] intuitive criterium and extensions thereof)®. Instead I use an ar-
cument in the spirit of the ‘divinity' refinement introduced by Banks and
Sobel[l]. The idea is the following: Since whenever an honest type gains
from deviating, it is also profitable for a rational type to deviate, it seems
reasonable to require that buyers stick to their prior beliefs when coufronted
with a deviation’. In a similar vein, if the deviation could not possibly lead
to a gain for cither type Lhen beliefs remain unchanged.

In a repeated signalling game this refinement amounts to the statement
that, under whatever ‘theory’ a deviator of a given type entertains concerning

A AN selling equilibria satisfy the intuitive criterium. To see this. note that all price
deviations downwards are not profitable, regardless of sellers’ type and of Leliefs held by
buyers. Price deviations upwards (to a price at or below vg) could be profitable if buvers
faced with such an offey conclude that the deviator is honest. In other words, condition 1
in Cho[2) (p.1373) is not satisfied for either type here.

Cho's lorward induction criterium represents, for signalling games, a strenghtening of
the intnitive criterium, so it cannot be of help either (for there are uo BAD deviations
here). See Chol2).

“In the notation of Cho and Kreps[3] I require that whenever

DaU D% = DruD%y , then u(A,m') fu(R,m') =m(A) /m(R).
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the further development of the game after the deviation, if he expects Lo gain
from deviating, so should the other type

3 Equilibrium

In characterizing the equilibrium, I will proceed first by looking at the cquilib-
rium of the stage game, then at the equilibrium in the two-period case, sand,
finally, at the arbitrary horizon case (including the infinite horizon scenario].
Moreover, I will first characterize the form a selling equilibrium would take
if it existed, and only alterward will existence and uniqueness be discussed.
I will focus attention on equilibria involving sales, which will turn out to be
unique and pooling such that a sule takes place every period until the game
is over or low quality is supplicd. Separating equilibria do exist, but no sales
take place in them.

The reason for looking at the two-period case scparately 1s, in part, to
emphasize the qualitatively distinct behavior exhibited in the initial pertod
of any interaction. In part, to anchor the discussion of existence {more specif-
ically, the discussion concerning the range of initial beliefs for which a selling
equilibrium exists).

3.1 Stage Game Equilibrium

'The equilibria of the slage game are illustrated in the diagram below:

pid {Stage Game Equi.}

0 0.2 0.4 0.6 0.8 1

Fig. 2: Fquilibria of Stage Game



Clearly, in a one-shol situation, rational types will never supply high
quality. The only equilibria involving a sale are pooling equilibria in the
region (U,6[, with prices in the shaded area marked (/). The reason for

this is straightforward: In the complementary region, any price at or below
the diagonal line representing the expected valuc of the good to a buyer lies
below the cost of supplying high quality. Hence, a seller who demands such
a price will be expected to supply low quality, and, consequently. no sales
will take place.

It is easy to sec that, under the rcfinement, there is in the original stagoe
game a unique selling price configuration for each valuc of § in the region

|_l)_. 5} , given by pE = p& = p(8) , where p (6) stands for the cxpected value of

the good given initial beliefs &; p& for the price charged by the honest type
(or automaton), and p% for the price charged by the rational type.

The introduction of a continuum of rational lypes in the above fashion
has no effect on the refined equilibrium of the one-stage game. In the two
(or more) periods case, thongh, it will be shown to induce a unique path of
actual sales’ prices,

4 Characterizing the Equilibrium for the Two-
Period Case

I start by introducing some additional notation: First of all, uote that I
will be counting time backwards: Period ¢t will precede period ¢ — 1. Let
T reprcsent the horizon of the game (here T = 2), and let 8, represent the
initial beliefs of the buyer (that is, the probability that Lthe buyer alive at t = 2
assigns to the event that the seller is rational). T.et p, be the price charged
at period t. &, (H) will designate the posterior probability assessment that
the seller is rational, given that high quality was supplied at ¢t = 2. Of
course, &, (L) = 1. Finally, p, (H) denote the share of rational types aiming
to supply high quality at t = 2, p, (8) refers to the price charged at t as a
function of initial beliefs, and 6, (§) refers to the posterior value generated in
the equilibrium corresponding to initial beliefs § . The [ollowing proposition
describes the unique (along the equilibrium path) sale equilibrinm of the
game as a function of initial beliefs:



Proposition 1 The following beliefs and stralegies form a sequential equi-
Librium of the two-period game. The equilibrium outcome is unique under the
refinement introduced in the previvus section.

For all 8, < min [133 3], with § given by the solution to 6,(8) = ¢
(which is equivalent to py (8) = cu )i § qiven hy the solution to py(8) = cy —
3(p1 (8) — cy )., and § 15 given by the solulion to Py (8) = cp:

a) Beliefs:

Price deviations al any time leave beliefs unchanged; §; (L) = 1 always;
beliefs after purchasing a high quality unit are given by

py (H) 69

o (1) = i) 6+ (1= )

(1)
b) Strategies for sellers:

i) Pricing:
Al t = 2, both, rational and honest types charge

Pr=by[pp(H)vg + (1 —py (H)) ] + (1 = B2)vyy  (2)
At t =1, after supplying high quality, a seller charges
=6 Nv,+(1-6 (H)) vy (3)

Att = 1, a rational seller who supplied low quality charges any
price above vr.

i) Qualities:
At t = 2, there exists a rational subtype indexed by s* such that all
subtypes with & < 8" prowide low quality, while the rest provides
high quality, with s* given by the fized point of (1),(2),(3) and
(4) delow.

py(H)y=1-cg [B(FL-cL)+erj=1-5"" (1)

At L =1, rational types always supply low quality.



c) Strategies for Buyers:
Att =2, for 6, < min [1,3’, 3, E} buy only if

Py < balpg (H) v + (1 - pp (H)) vr] + (1= 82) vy

At L =1, for 6y < 8, buy only if high quality was supplicd the previous
period and
51 < o) (H) v + (1 - & (H))’UH

Else, don’t buy except if p1 < vy.

In the region [min [1,5, 3,? ,1), there are no equilibria involving a sale,
but there are a multiplicity of no-sale equilibria, which I will not describe in
detasl.

Proof. See Appendix.

Proposition 2 A necessary and sufficient condition for lhe existence of
selling equilibria (polential sales in both periods), for initial belicfs &y €
[o,nﬂn_(l‘ﬁ,ﬁ,ﬁ)} , is

L

cu (1) —cp < B(vyg —cL)
Proof. Rewrite equation (1-4) above as follows
(ew (8) —er) —Bvr —cr)]62(1 —8) + (1 —82) (cu (3) — 1)

=Bvs —c)(1-6)

If onc sets ¢ = 1, the left-hand side expression will be everywhere falling in
8, € [0,1], starting at ey {1) — ¢;, and ending at 0. If now one sets s = 0, this
same expression will be rising everywhere in §; € [0, 1], starting at ¢ (0) — ¢y
(> e (1) — ¢y} . Forall s € (0,1), the expression will take values in the area
enclosed by the two schedules just outlined. So, if cx(1) — ¢ > O (vy —cr),
the only point of intersection between the schedule defined by the right-hand
side expression and the family of schedules defined by the lelt-hand side
expression will be at 6 = 1 and s = 1 (see diagram below}, in which ease no
buyer will be prepared to pay a price above vp{< ¢p). On the other hand, it
is easy to see that py cannot be below ¢z in equilibrium.
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Exi1atence Coaditinas

ch(0)-cl

bivh cl)

da?

Fig. 3: Existence of Fix Point

If cy(l) — ep = B(vw — cL), any candidate equilibrinm will have s = 1.
But in an equilibrium it cannot be that all rational types supply low quality:
In such scenario, it would pay for a rational type to deviate and supply high
qualily as this would convince the buyer that he is honest. (Only mixed
strategies could solve this problem, but herc it is not possible to make a
positive measure of rationals indifferent). In conclusion: If the condition of
the proposition is violated only no-sale equilibrisx can exist. @

4.1 Characterizing Price Paths

4.1.1 An Example of Falling Prices

The diagram below illustrates a parametric example, with ¢y (s) = sep +
(1 —8)cyg and vy = 10y =8¢, =7;vr. =4, and b = % :

{ralling Prices Case)

10 vh
e
9
e
] eh
pl
1 cl
. -
[
Equi. Region Na Equi.
dZ.v1
L] 0.2 0.4 0.6 0.8 1

Figure 4a: Falling Prices
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In the figurc the schedule /R plots the individual rationality constraint
for the honest seller,
ey — B (P1 (6) — cu)
(if individual rationality of honest sellers is satisfied, so must be individual
rationality of rationals). The x-axis represents initial beliefs, i.e., é;. The

vertical line corresponds to the min [1,3 ,3, 3] . Note that in this example,

min [15 3,5] = Sr, and prices are falling over time.

4.1.2 An Example of Rising Prices

With all pararneter values as above except. for the discount factor (here 1),

the situation depicted in the diagram below arises:

{Ricing Prices Casec)

10 vh
9 p2
iR
| ch
pl
7 ]

Equz. Ragioa Mo Equi.

d2.vl

a 0.2 0.4 D.6 0.8 1

Fig. 1b: Rising Prices
Here again, IR stands for individual rationality (of Lhe honest sellcr).
Note that in a neighborhood to the left of the vertical line (denoting the
min [1,‘5 , Sj] = E), the pq-schedule is below the py-schedule, i.e., prices rise.
(At the vertical line itself, D, is actually below ¢j; , meaning that losses are

incurred that period by honest sellers. Also, the I1? schedule intersects the
pa-schedule at exactly the vertical line -by construction).

4.1.3 Interprctation

One way of looking at Lhis is just to concentrate on the formal structure ol
this two-period equilibrium, aund note that the decision to supply high quality
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today is totally independent of the price prevailing today, and that, hence,
there is no reason why the price  oday should be linked in any particular way
to the price tomorrow {(of course, individual rationality will link both prices
but so long as today’s price covers the cost of producing high quality it will
not require that prices rise or [all over time).

More imntuilively, one can nole that there two *forces’ operating in opposite
directions on prices over time: The first stems from the fact that as the end of
the gamc is approached, incenlives for rational Lypes to supply high quality
fall,. i.c., the share of rationals who sell high quality falls. This tends to
lower the price. On the other hand, every time high quality is supplied,
buyers becorme more ‘bullish® on the likelihood of the seller being honest,
which tends to raise the price. There is no reason in this two period case
why one of these forces should systematically prevail, and so it should not be
mysterious that the price tomorrow might end up cxceeding the price Loday.

Note that in the example presented, prices rise over time only for suf-
[iciently pessimistic beliefs. This seems intuitive as well. 'L'he stronger the
‘reputation’ cffect, i.e., the higher the measure of rational sellers aiming to
supply high quality in equilibrium, the higher the cxpected value of a pur-
chase at ¢ = 2. On the other hand, the higher the mecasure of rational sellers
intending to supply high, the less informative a high quality purchase (lor
given priors), and, hence, the lower the price obtainable in the last period.
As priors worsen, in order to induce rational types to sell high quality, it
becomes nccessary Lo lower the measure of rational sellers so as to make a
high quality purchase highly informalive about the seller’s type. This lowers
the expected value of the good today, while simultaneously making the price
tomorrow correspondingly higher.

Finally, onc should make an important caveat regarding the interpretation
of the results in this two-period case: It will be shown that it is wrouy Lo
presume that these results apply in an end-phase of a longer game, cven if
the equilibrium of the longer game can be shown to be recursive in beliefs,
A formal argument for this is given in Corollary 6, section 5.2.2, and some
intuition in the discussion that follows that corollary. Here I just wonld like
to emphasizc that the intuition offered in this section in no way contradicts
the results obtained in the arbitrary horizon case: The key is to thmk of the
two period analysis not as illustrating the behavior in the last two periods of a
longer game, but rather the behavior in the first two periods. The discussion
following Corollary 6 elaborates on this.
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4.1.4 The ‘Bonding’ Issue

This two period example suffices to illustrate why the ‘bonding’ does not
apply in this type of set-up, as, evidently, the price charged at ¢+ = 2 is
totally irrelevant in inducing rational sellers to supply high quality at that
date®. Mathematically, this cxpresses itself in Lhe fact that one can solve for
all the other endogenous variables in the system (py pp (H) 61 (H)). withont
using the equation generating p;. In other words, it is the recursivity of the
equilibrium, i.e., the fact that actions at any time depend only on the value
of the beliefs held at that time, plus the fact that these beliels depend only
on the actual quality provided the previous period, and not in any way on
the price charged at that time, thatl accounts for the absence of ‘bonding’.

The nearest this model secms to get to the ‘bonding’ intuition is when
py dips below ¢y, as in one of the diagrams above. The reason for that
temporary loss being, as already pointed out, that in order to make a high
quality sale sufficiently informative, it might be necessary for relatively lew
rational types to supply high quality. This then feeds back into p,. Note
that it 1s not the losses per se that matter, but the ‘informativeness’ of the
signal. The losses incurred at ¢t = 2 are merely incidental. What remains
truc 1s that in order to satisfy individual rationality, if losses are incurred
today, the seller of high quality must be hoping to make a sale tomorrow
{though I want to emphasize again that the reverse does not apply). Finally,
note in particular that Lthe observation of a price below ¢y cannot in any way
be takeu as a ‘signal’ that high qualily will be provided, for sellers of low
guality will not incur losses in equilibrium.

5 Asymptotic Behavior

In order to study longer horizons, I switch to a formalization of the equilib-
rium along the lines of Milgrom and Roberts[9], in which the ‘state variable’
at time ¢ is given by the maximum of all the critical index values separating
at cach previous stage the rational players willing to supply high quality from
those nol prepared fo do so (rather than using buyers' beliefs regarding the
likelihood that the seller they are confronting is honest, as I did in the previ-
ous section). This magnitude will express at any given time the ‘reputation’
of a seller given the history of play.

#This property is robust to longer horizons.
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5.1 Formal Definition of Equilibrium

In order to express more formally the conditions defining a sequential equilib-
rium for the game being studicd here, I introduce some notation: H, denotes
the history ol moves up Lo the start. of stage n (not including any action takeu
in that stage), while H! refers to the history of moves up to stage n including
the price and the purchase decision at that stage. A plus sign superseript.,
HY. denotes that high quality was supplied in Lhe previous stage (a minus
sign denoting low quality). An additional tilde superseript, H,,, denotes the
history up to stage n including the price offer made at that stage, and an
o superscript, H;, denotes that no sale took place in the preceding stage.
The set of all possible histories up to a given stage is then designated by
calligraphics, H.

A (refined) sequential equilibrium is then given by a strategy for each
fivrn such that:

1) Foralln=1,...,N, and for all H € H,,,
1 (BUY) if p(H)vg +[1—py (H)v] 2 pn
bn (H)pn) =
0 (NOT BUY) else

2) Foralln =1,..,N, for all t, € [0,1] (where ¢, stands for the rational
sub-type),

a) for all H € H,,

"

3:‘10 (Hn) t"’) Pn
i‘f ﬂ.Vn—l (tT1HD) < max {pn—CH(tr)'F,HV-I (tr;H+)s

Pn—cp + BVa_y (t,H—)}
and

BVn1(w, H°) < pn—cn+ BV y(w, HY)



where p, = p,{(H)vy + {1 — p, (H)uvL)

else sO(H™,t,}) = wy+o where o€ (0,+0c)

n

where V stands for the value function of an honest seller, w stands for honest
type. and this additional condition reflects Lhe fact that if honests are not

expected to sell, rationals will neither.
b) for all H € H;

70

sp (Hyt) = Qu
7f Pn—Crit (tr) +[7‘I/n 1 (tr: H+) Z Pn—CL + l[jl/;l—l (tr: H—_)

= ; else

where V is defined rccursively, given V, = 0 and V; > 0, for all k < n.?
by

Va (te, H) = max{by(H, vy + p)max {vg + 0 —cy (t,) + BVa, (t.. HT),
vg +0 —cp+ Voot (e, H)} + (1 = b(H, 00 + p)| 8Vaoy (L H")

by (H,pn) max{ pn — cu (t;) + OVa1 (L, H') .

Pn —Cg + /81/17.—1 (t'l'l II—)} + [1 - bn (H;Pn)])BV;s 1 (tho)}

3) Foraln=1,..,N, forall H e H,,

%1f it does not play for an honest type to sell at a given stage, it cannot pay for him
to scll at any subsequent stage: If he does not sell, neither can rutionals. so that beliels
remain unchanged. 'I'hg horizon, though, is shorter, so that it is not possible to expect a
higher payoff than in the previous period. It follows that if any sales by honest types are
to take place in equilibrium, oncc they start they must continue until the end of the game.
Flse, all rationals would plan to supply low quality in the period prior to the end of sules,
but this cannot be in equilibrinm, as a rational would have an incentive to deviate and
supply high quality in that period, thus convincing buyers that he is honest.
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Dn
lf ,i?i;;‘_l(w‘.Ho) < pn—cu—kﬁvn_l(w,[{’“)
where pn, = pg (H)ve + (1 — p, (H)v]

clse = vy+0 with a¢c (0,+00)

where V is dcfined recursively, given vV, =0, by

Vo (w, H) = max{ba(H vy +0)og+0—cu+ 8V 1 (w, H")) +
[1 — bo(H, vy +0)| BVay (w, HY),
bn (H1pn) (Pn +ag- CH +,H1~/1'| 1 (w: H+)) +

(1= b, (H,pn)) BV-1(w, H%)}
4) Foralln=1,.., N, for all H € H,,

Pn ([I) =Pr {3‘” (H,T,-) = QHIH}

This is not the most general formulation as it incorporates the pricing
rulc that follows from the refinement of beliefs I am using, namely, that salcs
will always take place at expected values (if they take place). Also, I am not
being specific about out-of-equiltbrium beliefs (besides saying that prices will
not affect buyers’ beliefs), but the fact is that in this type of model out-of-
equilibrium beliefs are pinned down by the consistency requirement in the
definition of sequential equilibrium, and, hence, are not really a problem.

The additional condition in 2) a) refers to the requirement that honest
typcs be willing to sell. If honests are not willing to sell, neither can rationals
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as they would have to ask for a price below that being requested by honest
(which cxceeds the expected value of the good), and in doing so they would
reveal their typc to buyers.

On the other hand, it is immediate that many of the above expressions
simplify. Define

P (H) = p, (H)vy + [1 = p, (H)]vr

Then it is obvious that, in equilibrinm, b, (H,p, (H)) = 1, while, for any
H

?

bn (II,UH+FT) =

So, the recursions dcfining the long Lerm players’ value functions take the
simpler form

Vi (tr, H ) = max{ BVa_1 (t-, H®) ;max{ p, (H) — cu (t.) + V5 (to, H+) .

Pn{H)—cL + BVaot (t, H7))

-

Vo lw,H) = max{ﬁﬁ._l (w,H®) ,pn (H) — cy + BVi_1 (w.H")}

In fact, since whenever it pays for an honest to sell, it will also pay for
a rational to do so, and since the recursive definition for a rational agent
value function at stage n presupposes that Vi > 0, for all £ < n, one might
just as well leave the first max operator in the definition of V;, out of the
delinition altogether. Notc by the way, that honest must willing to sell al
all subsequent stages along the equilibriuin path in order for a sale to take
place. In fact, since if it docs not pay to sell at n, it will not pay to sell in
the [ollowing stages, there arc only two possible equilibrium paths of planner
sales by honest types: Either they sell always or never.

5.2 Characterizing the Equilibrium
5.2.1 An Equilibrium Recursive in Reputations

In what follows I basically retrace the steps in the argurnent of Milgrom and
Roberts[9] in this environment.
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1) Clearly, Vo (¢t H;}) =0,Vn<n+11Im

2) If it pays to sell high quality at stage n with type 7, = £, then it also
pays to sell when 7, = t’ > t. It. [ollows that V' is increasing in t. This has
two implications for the equilibrium:

a) One can restrict attention to pure strategies.

b) In any equilibrium, for any given history and at any given stagc if 7,
cxeeeds some critical value x,,, then high quality is provided (where this value
is 1 i low quality was ever supplied). This justifies the following definition:

Definition 3 The reputation of a seller x is the mazimum of all critical
values governing sellers’ past quality decisions. Let x = —oc if low quality
was ever provided, and —1 if no sales have tuken place yet.

At this point, it is possible to describe more precisely an equilibrium for
the game that is recursive in the sense that all firms’ decisions at any given
stage will depend only on the value of their types and the seller’s current
reputation. Moreover, a seller’s reputation npon entering a new stage will be
a function only of its reputation in the previous period and the actions taken
then. In this description I will presumc that at each stage the rational seller
will only sell if the honest type is planning to do so.

Here is a recursive description of the strategies making up such an equi-
librium:

Step 0: Initialization
Let Vo (t,z) =0, Vi, x, and let 2y = 1.
Step 1: Beliefs’ Transitions

a) If » # —oo upon entering stage n, then the following rule applies: If
no sale takes place, its reputation upon entering stage n — 1 is z; if
low quality is provided then it is —oo; and, finally, if high quality is
provided then it is 2 V z,,wherc V is the max operator and

Tn =inf{s € [0,1] |t > 8 = pn — cu (t) + BVao1 (8, 2) > pr — ¢}

b) If x = —o0o upon entering stage 7, then upon entering stagen—1,.z = —oc
regardless ol what happens in stage n.
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Step 2: Seller’s Actions

a) If r. = ¢, € [0,1), and z # —o0, seller will charge P, (%) (see Step 3
below) if

BV () <max { P, (&) —cp (&)Y + BVa (b, 2 V), pn (1) - cp}

Else. the seller will charge vy + o, ¢ € (0, —00).

b) If at the offered pricc, a purchase takes place, then the seller will provide
high quality if

—cg (t:) + BV (traz V) > -0y

Step 3: Buyers’ Actions

Let now p,, (z) stand for the probability that the nth. buyer assigns
to high quality being provided, when the scller’s reputation is . Then,
if £ gives the initial mass assigned to the event that a seller is honest.
¢, (&) is given by

e+sl+_(1w:)n if £20
£ (T) = 0 ?»f r=-—cC
€+!Il+—::n) lf T = _1

Buyer’s optimal actions are to buy if the offered price does not exceed

the expected value of the good, given the seller’s reputation'®.

Step 4: Transition,from n ton — 1

19Note that this rather terse formmlation of the updating rule is perfectly general in
the sense that it takes account of the updating of buyers' beliefs along hoth relevant
dimensions, the probability they assign to the scller being honest and the likelihood that
a rational seller be of a given type conditional on high quality having been supplied the
previous period.
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a) Since Vp = 0, it follows that

Vi (x,t;) = max{0, max{p, (z) — cir (t.) , pn (&) — c1.}}

orn > 1,

Vot 2) = max{3V,_i(t,, z),

max{ i)ﬂ (x) —Cy (tr) +’3‘/n 1 (tml’ Vv xn) :ﬁn (lf) - CL}}
L) Since V= 0, one has that 171 (z,t;) = pn(z) ~cy. For n < 1,

Vi (w, ) = max{AVp_y (w,2) , P (2) — cr + Vo1 (W, 2 V 2)}

To show that these strategies represent a scquential equilibrium, one has
to show that they satisfy sequential rationality and consistency of beliefs.
Optimality follows from the way the strategics are specified. The consistency
of beliefs follows from the following reasoning:

‘We have to verify that if the scllers follow the above strategies, the buyers
should make the infcrences specificd.

Sa, if a seller entered stage n with a reputation of £ # —o0, buyers will
know that the seller is of type ¢t > z. Now, there are two cascs:

Case 1: = > z,
So, x =z V x,, and

—cy (U)+ BVa_i (t,z) 2 —cu(z)+ BV {2, 2) >0 fort>x

The first inequality results from ¢y (.) being strictly decreasing and V;,_ ,
being increasing in £,. The second inequality follows from the definition of =,
and the hypothesis that & > z,,. Conclusion: A seller that has demonstrated
that he or she is of type . > x,,, will supply high quality at that stage.

Case 2: s <z, <1 (Le, T, =z Va,)

Since cy is decreasing in ¢, and V;, ; is increasing in this variable and
continuous (since Vj is and so are all functions entering the recursion defining
V1), for z,, > 0 one gets

0 = ¢ — cg (@n) + BVac1 (&n, 2n) Z oL~y (8) + BVa1 (L, %) as 7, 2S¢
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'This implies that the seller will provide high quality iff ¢ > z,,. If 2, = 0,
then LHS > 0 and Qg will be provided. If z,, = 1, LHS <0, ¢t < x, and @,

will be provided. This proves the consistency of the beliefs specilied.
5.2.2 Monotonic Critical Values and Reputation in the Limit

In cstablishing that reputations will eventually emerge as the horizon of the
game exlends into infinity, it is neccssary to make the assumption below:

3
1-8

ey (l) —ep < (vyg — e (1))

This is a necessary condition for the ecmergence of reputations: It states
that the loss incurred in providing high quality by the rational type with the
lowest cost of producing that quality is smaller than the revenues that same
agent would obtain from selling high quality from the next period on forever.

The central result of this section is then:

Proposition 4 For any n, Tne < Zn, with strict inequality if x, # 0 or 1.
Further, ¥ = lim, .o T, = max (0, X], where x is given by the solution to
the equation below

3

1-38

cy (X)) —cy = (ve — ey (X))

Proof. See Appendix.
A straightforward corollary of this result is the following;:

Corollary 5 If z* = 0, then lim, . p,, = 1, and, hence, lim, .o, P = vy.
Moreover, the convergence to this value will take place in finite time. If
z* > 0, the convergence will take place only asymplotically. Morcover, if

pni(x) > 5“1—__‘—}“, and initially high quality is provided, p, = vy. If, on the

other hand, p,(X) < mincy, 5”1—_"[-,53], then P =vy + 0.

In words: The monotonicity of critical values implies that, if it pays Lo
supply high quality when N periods remain, it will also pay to supply that
quality when more than [V periods remain. Also, in the limit, the price will
nol differ substantially from vy, if sales are feasible. Moreover, if z* = 0,
the sale price will remain at vy most of Lhe time except for a period of finite
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length towards the end of the game when it will fall from that level. In this
case, the length of this end-game will be independent. of the lenglh of the
horizon (for sufficiently large horizons). This latter feature follows from the
recursivity of the equilibrium. It is important to note that, in this case, nonc
ol the asyrptotic properties depend in any way on the value of = > 0, the
probability that the scller be honest.

Moreover, the analysis of the two-period case suggests that the length of
the end-game will vary directly with initial beliels, and that for sufficiently
pessimistic initial belicfs (i.e., for sufficiently high initial ) increasingly longer
periods of no sales (always immediately preceded by a low quality sale) might
result towards Lhe end of the game.

On the other hand, if #* > 0 and p,(x) > 5”-1%’&, the asymptotic prop-
ertics will depend on initial beliefs via p,,(x). ‘Uhis is a remarkable dilference
with the results in Kreps-Wilson (but not so with the model of Milgrom and
Roberts that has an analogous property!!). What the condition here repre-
sents is the trade-off between facing an honest seller for whom it might not
pay to incur high losses today (if initial beliefs are too pessimistic) in order
to carn profits in the future (just as in the Milgrom-Roberts environment it
might not pay for an entrant to enter if he or she is sufliciently convinced
that the incumbent is tough).

Also, in this case, there 1s no end-game as in Kreps-Wilson, as the length
of the game will affect the beliefls with which a buyer enters any given set of
periods.

The asymptotic results closely track those in the Milgrom and Roberts pa-
per, though there is at least one important difference in the overall dynamics:
Note that unlike what happened in the Milgrom and Roberts environment
where eutry (corresponding to no sales episodes in this game) might take
place sporadically, here sales will take place continuously, if at all (though,
as pointed out, they might stop belore the end of the game via a low quality
sale). This is a consequence of the fact that sellers in choosing the price in
effcet are able to control whether or not a sale takes place.

The following additional corollary completes the characterization of the
price dynamics:

r

'Even though in the Milgrom-Roberts game this feature is not of major importance,
in so far as initial beliefs only determine whether there will be entry in the first period or
not. In any case, after the first period no entry will take place. Note that the results of
Fudenberg and Levine(4] do not apply to the present model, for precisely the above type
of consideration. See Fudenberg and Levine{d], p.772.
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Corollary 6 Prices may only rise in the initial period. Afterwards, they will
fall throughout.

Proof. Since the critical values z, rise over time, it must be that the fol-
lowing relations hold:

C-H(l"n,) = ..3(;511—1 - CL) +cy,

cu{an-1) = [(Pn-2—cL)+cL

This from the definition of critical values (subtype z,, is indifferent be-
tween providing high or low quality at n), but the critical type at period »
must strictly preler to supply low quality tomorrow given that critical values
are rising {(hence the continuation payoff 8(pn-1 — cr.)).

But then this implies that, from the second period onwards, prices must
fall as cg(.) is strictly decreasing and the critical values increase over timc. B

While in the initial period prices might rise or fall, it must be that prices
fall in subsequent periods. The result is, in my view, not intuitive: It means
that, after the first period, the negative pull on beliefs exercised by the
steadily falling measure of rationals who are willing to supply high quality
prevails over the positive effect generated by continued high quality pur-
chases. In other words, there is from the 2nd. period on, a systematic
relation between the price today and the price tomorrow over and beyond
that implied by individual rationality.

While I cannot provide a satisfactory intuition of why this is so, here are
some considerations that seem relevant:

To start with, it is not difficult to make out in what sense the first period
is qualitatively different from subsequent periods. In any sale equilibrium,
after high quality was provided, the seller will have acquired a reputation,
not so, of course, in the initial period. This means thal the updating from
the first to the second periods will be quite different from the updating in
latter periods. In latter periods, the only way belicfs can he updated alter
a high quality sale is if the critical value at the period, say, @, , exceeds
the reputation the seller is carrying at that time. In the first period, this
restriction simply docs not apply. Note that in the formal argument above it
1s the fact that r, < z,_1 < 3,3 (together with other considerations) which
leads to Pp_g < Pu-y (not just z,,_; < z, 3).
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Beyond this note that the learning cffect is stronger the higher the critical
value in the period relative to the rcputation the agent is carrying. This is
certainly a Key aspect: It implies that the strength of the learning effects will
not be determined by the mass of rationals (which obviously falls as time goes
by}, but, rather, by the decomposition of that ass in rationals intending to
supply high quality and those not intending to do so. This leaves open the
possibility that the informativeness of high quality sales may fall as the end
of the game is approached, though as will be shown immediately, that is not
required for prices to fall. In fact, what is required is that the informativeness
riscs as high quality sales continue.

The more informative a high quality sale, the lower will tend to be the
price at. which it takes place, and viceversa. To illustrate, say all rationals
intend to provide high quality, theu a high quality sale conveys no information
at all, but the current price is very high (equal to v .its upper bound). f no
rationals intend to provide high quality, a high quality sale reveals that the
seller i1s honest, but the price is as low as it can currently be.

It can be shown that prices will fall from n ton — 1 iff

1- fa 11— Zeal

e+1 > e+1

T+l — T
] — ==x! 1] — In

£+1 c+1

(with £ representing the initial mass of honests; the initial mass of rationals
taken to be one}. The formula reveals how the dynamics of falling prices
operate: At n, the price is relatively high precisely because the quality signal
is relatively uninformative. At n — 1, though a high quality sale will be rela-
tively more informative, the price will be lower than that at n on two counts:
One, precisely the fact that the signal al that date is more informative; two,
the low informativeness of the preceding high quality sale. Nole what would
happen if the inequality above is rcversed: The latter price would be higher
on two counts, one, because of the high informativeness of the preceding high
quality sale; and, two, because of the low informativeness of the current high
quality sale (notc thal, in this case, unlike in the previous one, bolh effects
reinforce each other). This shows that increasing informativeness ol a high
quality sale is not only compatible with falling prices but necessary for such
price dynamics to result.

Of course, the question remains why the improvement in beliefs (thc
shift of mass to honest types) never compensates the increased willingness of
rational sellers to cheat.
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The diagram below presents the results of a sirnulation for cight periods
(with parameters vy = 10, ny = 8.¢, = 7,v, = 4,7 = 0.2 and initial beliefs
equal to (.4)

10 P

Price
0w w0 v ©
7 S Y )

Fig. 5: Time Path of Prices

6 Existence and Uniqueness

As in previous sections of this paper, most of the arguments only retrace ar-
gumcnts presented in Milgrom and Roberts{11] in the context of this modified
version of their model.

So, one can show by arguments exactly analogous to the ones presented
in Milgrom and Roberts that the above equilibrium is unique. When it
comes to existence, one substantial departure arises becanse, in this model,
for any given finite horizon, only in a range of initial belicfs [0‘ 37-] (for any
given cy (.)) will such a sale equilibrium exist (while in Milgrom and Roberts
reputational equilibria existed for any initial heliefs).

In cstablishing uniqueness, the first thing to note is that no sales can
take place alter low quality is supplied. Now suppose high quality has been
invariably provided in the past, and in the current period the buyer has
accepted the price offer of the seller. If the seller provides low quality, the
continuation payoff will be zero. If instead the seller decides to supply high
quality, given the strategies of the other buyers, a certain pattern of trade will
resull in the future, that is, a pattern of no sales, sales, and quality and price
decisions. The expected present value of payoffs of supplying high quality
today is then given by R(Qy) — So,(cu (o)) + R(Qr) — Sg,(cL), where

26



R (Qy) stands for expected present value of high quality sales (including the
currenl one), S, (cy (Lo}) stands for the expected present value of the cost of
producing the high quality items sold; R (QQ,) stands for the expected present
value of a low quality sale, while Sg, (c;.) stands for the expected present value
of producing the substandard good. Clearly Sq, (cy (tn)) is decreasing in fo,
so that if the (rational) seller with subtype ¢ finds it profitable to provide high
quality today, so will all sellers with subtypes above {. This implies that the
maximized value of future payoffs over all possible st.rategies will also increase
in ¢p as it 1s the value of the maximurn of increasing functions of the above
tormn (including the 0 function). This suffices to establish two key featurcs
of any equilibrium: 1) Ouly pure strategies will be played (since it will be
impossible to make a positive measure of rationals indifferent simultaneously
-cy {.) is strictly decreasing), and 2) the strategy of a rational seller will call
for high quality to be supplied at a given stage of the game after a given
history iff the subtype of that seller cxceeds some critical value.

It is now shown inductively that any sequential equilibrium must agree
with the one described in the text at all stages m < n {(note that in estab-
lishing this, we will also proving that the critical values z, at any stapge are
independent of the length of the game). Induction proceeds on #, and the
case n = 0 (initial period) is immediate. Fix an equilibrium and assurne the
result holds for n = k. The value of entering stage k& with subtype ¢ and
reputation z is given by Vi (t,z). Say at stage k + 1 the history is H' and
reputation is T. If x > T is the reputation that would result if the seller
supplied high quality at stage k 4+ 1, then a seller of subtype ¢ would choose
to supply high quality or not according as

ey (t) —cp — Ve (t.2) 20

Since reputation must be consistent with the seller’s equilibrium strategy, it
must be that for £ > T,

cH(t)—cL——ﬁVk(t,w)EO as t2zx

It 1s easy to check using the monotonicity of Vi, that the unique z > % [or
which this holds is £ = T V %z4,. Hence Lhe conditional probability Lhat
high quality will be supplied at stage k& + 1 given history H¥ is peyq (T).
Obviously, so long as sellers charge expected value, buyers will buy. It has
thus been established that if history affects play only throngh reputations for
stages . < k, it will do so as well at k + 1.
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Now, as far as existence is concerned: In the two period case the range
of initial beliefs for which there existed a sale equilibria was given by [0.8,]
(given ¢y (.)). Basically, this restriction reflected the conditions that must
be satisfied in order for there to be pooling and hence salcs in equilibrium.
These conditions were threefold: First, updated beliefs had to be in the
range where there is a sale cqnilibrium in the initial period (namely. [U, 31] ):
secondly, the individual rationality constraint of the rational type had to
be satisfied; and thirdly, the individual rationality constraint of low guality
suppliers had to be satisfied. Thesec conditions generalize for longer horizons
as follows: Initial beliefs for horizon 7" have to be in the range 67 ¢ [0.67]

with 64 = min [1 61, éT. 671 with these arguments given to the solutions to

b1 (IT,ET) = O
Pgr' (JJT}T) = Cy— ﬂi} (.STv-'BT)

p%i (mr,g’r) = ¢

‘I'hese formulas refer to the first period of a game of horizon 7', hence the
superscript 7. The following proposition provides some guidance as to which
initial beliefs are acceptable:

Proposition 7 If a sale equilibrium exists for given initial beliefs for a given
horizon T', it will also exists for those same initial beliefs at any T > T".

Proof. 'LI'he proof proceeds by showing that each of the above magnitudes

bT, bT, éT must lic above 6 1.
It is first shown that 6T > br_1.

(1 —xr)
(1 - 2r) 87+ (1 _ ST)

or_) (xT,ET) = =8y,

This can be rewritten

S by
L ~2zr+ 6727

The denominator of this expression is clearly smaller than one, so that 31 >
811
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Next it is shown that OT > dr.1. Since it must be that

pr (331',37') = ¢y
P;:{ (I‘T_I.E'r—s) = ¢

Now ifﬁ'r = "5‘,.___1 then since z1 < 27— (note that these values do not depend
on the length of the game), and the initial period price is falling in x, it would
be that

P?Z} (xT—hET—]) < P%; (IT;ET)
So, siuce initial period price is falling in initial beliels, in order for equality

to be restored we must, havej-,- >~'37~_1.
Finally, it is shown that ér > é4_;. It must be that

Pr (ﬂl'r, ST) — ey + BV, (Er,mf) = (
P (:rT 1,51—1) — ey + BV (é»r_, Zr. 1) = 0

Note that the last condition after multiplication by 3 becomes
811 (11"'1‘—1757-1) — fey + BPVI] (ET 1,;1:7-_1) =0

In what follows two results will be used: One, that the z,, 's do not depend
on the game horizon; and two, that x, > T, when 3: < 6T (the proof is
exactly analogous to the one in Mll&,rom and Roberts[L1], p.311). Again, if
b7 = br_1, we would have Izl (.LT 16 1) < pr (.’J'T,6 ,) Moreover we
have

ﬂff’;!;l (ET) 7'1) = ﬂP:{-—l — Bey + ,3217'72-_2 (ET137’I'—1)

But by the properties ol sale equilibrium established previously, it must be
that .

!
A%

Pr_ CH

Vi, (ngIT—l) = Vi (‘57"'“71 1)
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So that one can conclude that
.517;_1 (.S.T;x’l") > /32‘7:1?_—21 (E;IH-TT—I)

So in order to establish equality it must be that 57— > §7_1, since initial price
will be falling in initial beliefs and VL, (57,;1:7-) can be shown to be falling

. : : 0 . _ =T . r
in this magnitude as well. ‘1o see this, recall that x4 > Tr when &7 < 67 .
But these two inequalities umply that

pr (x) < Pr (2)

which iu turn implies that prices are lower throughout, and the result follows. B
An rather immediatc related result is the following:

Corollary 8 As 1’ — oo, 67 — 1 if x =0 (where bold z is as defined in the
main text).

Proof. If x =0, then initial price will be given by p,, = vy for any initial
beliefs € {0,1]. But then the individual rationality for honests will be satisfied
al any initial belief since

3 {vu — cur)

-3 >0

Vg —Cp +
So will be Lhe constraint requiring initial price to be above ¢;. @
The previous results show that in effect lower §'s arc ‘better’ for existence
than larger ones, in the sense that the smaller §, the shorter the horizon
required for a sale equilibrium to cxist.

7 Conclusions

While prices cannot separate types here given the absence of something like
the ‘single crossing’ condition of conventional signalling models, it is still
interesting, seems to me, that in this type of environment nothing resembling
the ‘bonding’ story of the infinite horizon models emerges. The ‘recursive’
nature of the equilibrium would seern cructal in obtaining this negative result.

The price dynamics, though at first not surprising, on closer examination
are remarkably regular in the end-phase of the game. Also, the ‘continuity’
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of sales, i.e., the facl Lthat sporadic no-sale episodes arc not possible within
strings of sales, represents a departure from the dynamics described in Mil-
grom and Roberts, and one that can clearly be attributed to the ‘pre-trade’
comrnunication taking place through prices.

Ou Lhe other hand, it is clear that the mnodel studied here can only be
considered a first approximation to the subject. In particular, the fact that
the cost structure of rational types is assumed to systematically difler from
that of honest types might strike some as ad-hoc. And. quite honestly, it
is: Assuming that honest types share the cost structure postulated here for
rational types generates a series of technical problems that I am still trying
to solve. This feature of the model is introduced not because I feel that it
provides a good description of actual cost structures, but purcly as a device
to obtain unique price paths.

Nevertheless, it seems to me that the results of this model, preliminary as
they are, are suggestive enough to justify further research into reputational
models of this kind.
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A Proof of Proposition 1

Consistency of Beliefs If low quality is supplied, buyers know that the
seller must be rational, for honest sellers never provide low quality. Consis-
tency of beliefs is evident as a rational seller of type ¢ will only supply high

quality in the region [0, min [1,5, 33]], if

Cy (L) — Cp S ,8 (ﬁ} — CL)

Then the formula

_ p2(H) 6,
) =) 62+ (1= 63)

is just Bayes' Rules given initial beliefs 4.
Sequential Rationality
Buyers:

At any time, buyers should never pay more than the expected valne of
the pood. Clearly, it always pays to buy at a price below v.

Sellers:

By the assumption thal price deviations leave beliefs unchanged, sellers
musl charge the expected value of the good to the buyers in an equilibrium at
each period. If low quality was supplied, then buyers will not buy at any price
above vy, Since vy, < ¢, it just docs not pay to sell. The condition cy (s} —
ap < 3{p1 — c) just says that the gain from supplying low quality today is
smaller than the loss associated with doing so.

If6 > min [1,5, 3, S] , then either the constraint 6 < § (3 = min [1, 5, 3', 3])
is violated, or the individual rationality constraint for the honest type is vi-
olated (S = min [1,5,3,3]), or pp(6) < c¢z. The price at t = 2 cannot be
below ¢, for, in that case, sellers lor whom it does not pay to supply high
quality'? would rather not sell. This cannot represent equilibrinm behavior.
as the sellers who are not selling are earning zcro profits, while they would
earn positive profits if they mimicked the behavior of the high quality suppli-
ers (that is charged their price and supplied high quality). This must be so
since the individual rationality conslraint of honest types must be satisfied

12There must he some, for otherwise, if everyone is supplying high quality, p2 cannot be
below vy, under the pricing rule being used.
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at the selling price (the high quality price), but this inplies that the individ-
ual rationality constraint. of the rational type with the highest costs is also
satisfied at that price.

Uniqueness Note thal the equalion (derived from (1),(2),(3) and (4))

(osr (5) = e2) [(1 = )62+ (1~ 62)) = (L= ) 6283 (v ~ 1)

e~
et
AR

=301 - 8y) (vy — L)

is monotone falling in s for s € [0, 1), i.e., the sale equilibria are unique
(if they exist). Again, from cquations (1)-(4), onc can write

s [L—ca' B@EE - ) +e)] & "
-G (BE(8) - e) +el)] b2+ (1-6y) J

Since é; enters linearly, this equation takes the value 0 at §, = 0, the valuc
1 at 2 = 1, and is continuous, it follows that the solution to the cquation
6, (6) = 8 is unique, if it exists. Since the candidate selling equilibrinm
is unique, it follows that &, (§) takes only one value in the range [0.1) for
§ € [0,1]. Further note that é; (8) in [0,1] x [0,1) must be strictly increasing
(since this equation takes the value 0 at §; = 0, and the valuc 1 at 6, = 1,
and is continuous), and, so, Pz (6) must be strictly decreasing'®, and cy
3 (p1(8) — cy) strictly increasing. It follows that, if a solution to the equation
P9 (8) = ey — B(p1 (8) — cy) exists, it must be unique. Such a solution exists
if sale: equilibria exist, since pg (0) = vy, while ¢y — 8(P, (0) — cy) < cy. if
sale equilibria exist.

Since all sale equilibria must be pooling (for the same general reason as
in the one-shot game: It will always be advantageous and always be feasible

13T see this: Note that

P2 = Galp(H)vu +(1—py (H)r] + (1 - 62) vy

with py(H) = 1=¢;'|8(p —cL)+cul

Note that p, (H) is falling in initial beliefs as p; is falling in that variable. Henee the
expression in square brackets multiplying initial beliels is falling. In the equation for py
the weight on the smaller expressivn s incressing while that on the bigger one (uy) is
fulling, so, the expression overall must be falling.
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tor the rational type to mimic the strategy of the honest type in any candi-
date separating equilibrium), they must take the above form. By definition

then, there cannot be sale equilibria outside the region [min 133 3] 1L
Note finally that there cannot he pooling no-salec equilibria in the region
[0. min [1,3, s, ﬂ] because of the refinement being used here: It pays to devi-
ate to some price below the expected value of the good but above its cost. B

B Proof of Proposition 3

The argument is practically identical with that in Milgrom-Roberts, except
that there is the additional complication that sales can only take place if the
individual rationality constraint of the honest type is satisfied. I tackle this
problem by proceeding as if this constraint were satisfied at all moments and
then verifying that in the resulting candidate equilibrium this is in effect so.
Since it will be shown that the asymptotic price will equal vg (> cg) so long
as sales take place, it is immediate that this constraint will be satisfied from
then on. The only real issue is whether trading will take place to start with,
i.e., whether this constraint will be satisfied in an initial period. ['his turns
out to depend on initial beliefs.
Define the following function

g (t,v) = max [fv, max (vy — cy (t) + Bv) , vy — ¢z

Note that vy = P, (1), Viny1 (8, 1) = g{t, Viy (t,1)) and g is increasing in
v. Moreover, it is the case that

lg (¢, v1) —g{t,v2)| < Blvy — v

To see this: Start by noting that
g (t,v) = max[(vy — cx (t) + Bv) ,vur — ¢} Vv

since vy — ¢y (£) > 0. Let now w.lol g v > vy > 0. There are three
subcases:

a) max {(vy —cy (t) + Bva) , vy — e} = vn — cu (8) + Py

= max {{vg —cy (t) + ), vy —cL} = vy — ey () + By

and so the inequality we are trying to establish reduces to
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Bl — vg) £ Bl — g
b) max {(vy ~ ey (t) + 3w) vy —cL} =vy -y
= max {{vy — cu () + Bva) ,ug — ¢} = vu — ¢y,
and so0 the inequality we are (rying to establish takes the form
0 < Blvy — ve]

¢) max {(vg —cy (t) + Bvy) ;o — ¢} = vy — ey (t) + By and
max {(vy — cy {t) + Bvg) vy — e} = vy — g
We want to show that

ler — ey (£) + Bu| < Blog — vg
but. if this inequality does not hold then

e, —ey{t) + 8vy > Bv —vg)

= —Cy (t) + ﬂ’UQ > —cp

which contradicts the hypothesis.[]
So, ¢ is a contraction mapping, and as such has a unique fixed point @ (t) .
Lel x be as in the main Lext, then

Ift < x 5 (t) = 2 1_—6;()())
It > x Tf(t)=—-—(1)H1_jz(t))

To see this: Ift <x,

cr(ty—cL 2 lfﬁ

(vir — e (8)) =

Yy — Cy (.t) +,6UH%CZ(”

Using this in the definition of g, one then gets the result. By a similar
logic, the result in the case t > x obtains.(]
With this, one can state the following lemma:

< vy —<CL
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Lemma 9 v <T(t) =>v<g(t.v) <v(l)
Proof. Let v < 7 (L) then

g(t,v) <g{t,v(t)) =v(t)

Also.
T —g(tv) = gETE) —a(tv)

< BE(H)-v)

< T(t)—v
So

g(t,v) > v
[ ]
Note:
1)
< (1) —cp < 1 fﬁ (‘UH —CH(].)) =2x<1
2
Vo(t,1)=0<7(t)

3)

Vi (8, 1) £T(2)
After these preliminaries, the proof proper can be presented:
It proceeds by a rolling induction on the following propositions,
(PO) V4 (¢, z) is continuous in (¢, z) and non-decreasing in t.

(P1) Vi (¢, ) is non-decreasing in .
(P2) Ln+1 < I‘n'

(P0) has already been established in the main text. Define x, = 1.
(P1)
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Vi (8.2) = max{8Vn (t. 1),

max { Dm () — ¢ () + AV (4, 2V Tpyt1) , P (&) — L} }

Since pp, 1 is non-decreasing in z, so is Pr41. Hence, (I’1) follows.

(P2)
Since (1) holds for n = m + 1. for all z (by induction hypothesis}.

Vm+] (x! .'L‘) S m~+1 (1") 1)

This follows from the lemma. Using the lemma again, and the fact-that

Vinn (3Jm+1,$m+1) = g(fm 1y Vil ($m+1.l‘m l-l)) )
P (Em+1) — ¢ (ma1) + Vg1 (@ma1, Tman)
= ﬁm (ib‘m+1) —Cy (iUm+1) + ﬁy($m+1,Vm+1 (1»'m+1,$m+1))

> ﬁm (wm+l) —CH (wm+1) + OVm (-’l"m+1 . JJm+1)

follows from the definition of z,,+1 and the continuity of V,,. The other
inequality follows from the lemma. If x4+ = 1, then there is nothing to
prove. If 1,1 < 1,RHS > 0 (follows from the definition of z,,.; and the
continuity of V;,). Hence, by monotonicity of py, and ¢, and the continuity
and monotonicity of V;,4+; and the definition of z,, 42,

0 = Pm+1 (Tme2) — Co (Tmaz) + BVins1 (Tma2, Trmsa)

S ﬁ;n (xmil) — Cyg (Imll) +ﬁle](m'm{lvxmll)

In other words, 'a:m“ < Ty, with strict inequality if Tpqy > [0V X].
This proves the monotonicity of critical values.(O

Now, for the rest of the argunent:
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Since {z,} is bounded, non-increasing, it has a limit «* > 0. If scller
supplies high quality (nol having failed to do so previously}, he acquires a
reputation z > x*. For any x > =* and any n,

e+ [l —(zVx,)]
) = EXl=Gva)
e+ {l—zx)

e+ (1 —x*)

> palet) =

Since z,, — z*, RHS— 1 as n — oo. Henee, p,, (1) converges uniformly to
1 for x > z* . Since

Vn(t,:c) = m&x{ﬂvn—l (t,:L‘),

max { Pn{z) —cu (2) + AVao1 (t,xV 2,),Pn {x) — cL}}

is a contraction mapping (apply Blackwell’s sufficiency conditions to check
this), it is the case that

lim V, ({,z) = Vo {t,z) forallx > zx*
n—oo

But Vo, (t,z) = g(l, Vo (L, 2)), 50 Voo (t,2) = T(t). It follows that the
limiting condition guaranteeing that a high quality sale will take place is

—Cy (t) + Bv (t) > —CL

In other words, whenever ¢ >> x, high quality will be provided, ie., 2* =
limz,, = [0V x]. Since x <1, @y will be sold in the limit, even il not in the
short, run.

If * = 0, then clearly it will always pay to sell regardless of initial beliels.
On the other hand, if 2* > 0, then an honest type might preler nol to sell if

~ cy — Pun
Pr(x) <=

where T stands for the initial period. B
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