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CEsAR GUERRERO

BOTH A GARDEN OF EDEN ECONOMY AND THE SAMUELSON
CASE ECONOMY CAN ACHIEVE THE GOLDEN RULE



Abstract

We show a very simple and standard overlapping generation model starting in the Garden
of Eden, in which a pseudo-equilibrium optimal path not only converges to the Golden
Rule but ulso reaches that intertemporally optimal equilibrium. This constitutes an
alternative proposal to the “Samuclson Impossibility Theorem,” conjectured in Samuelson
(19358) and proven ¢n Gale (1973). Samuelson also unfolded the ~“Intinity Paradox
Revcaled.” facing the idca that in order to make sense ol the Golden Rule. it was necessary
that some young people be debtors. We then present here an alternative common sense
interpreiation, so that the Golden Rule is not paradoxical and has no need for governmental
action, for both the Garden of Eden economy and the general case with arbitrary initial
conditions. Thus, in the gencral Samuclson Casc, there is a common sense pseudo-
equilibrium optimal path that instead of converging to the no-trade equilibrium —as it was
proven in Gale (1973)- which is not optimal. reaches the Golden Rule sooner or later.

Resumen

Exhibimos un modclo simple de gencraciones solapadas que comicnza en cl Jardin del
Fdén. en el cual un pseudo-equilibrio no solamente converge a la Regla de Oro sino que la
economia alcanza csa Regla de Oro cn el primer periado. Esto constituye una
contrapropucsta del Hlamado “Samuelson Impossibility Theorem,” conjeturado por
Samuelson (1958) y probado por Gale (1973). Samuelson también saco a relucir la llamada
“Infinity Paradox Revealed.” en la cual sc afirma que para que la Regla de Oro lenga
sentido ccondmico era necesaria la presencia de jovenes deudores. Presentamos nosotros
aqui una mterpretacion alternativa de sentido comiin, de modo que la Regla de Oro deja de
ser paraddjica y no necesita de la accion gubernamental, tanto para ¢} caso de la economia
tipo Jardin decl Edén como para cl caso mas general con condiciones iniciales arbitrarias. De
csta manera, cn el llamado Caso Samuelson. existe un pscudo-equilibrio que en vez de
converger al equilibrio cstacionario en el que no hay intercambio -tal como fuc probado en
Gale (1973)- el cual no es 6ptimo, alcanza la Regla de Oro tarde o temprano.



I Introduction

In the paper by Samuelson (1958) an OLG economy with homogceneous agents endowed
with one unit of a perishable good in the first period of their lives and nothing in the
second period was considered. in order to present a general cquilibrium cxplanation of
positive interest rates. As is well known by now, Samuelson found that an equilibrium
interest rate exists which is equal to the growth rate of the population whenever the
ceonomy either starts with young and old people or has no beginning. Furthermore, it
was supgested that the economy in that equilibrium was optimal, formally cstablished
and proven in Starret (1972). Nevertheless. understanding whether this result had a
common sense interpretation from an economic point of view was an issuc, suggesting
that the non-trade program. a non-optimal equilibrium, is the most rcasonable result in
this cconomy. ln addition to this point in question, and profoundly connected with it,
it was conjectured thal if the economy starts with only young people then, the growth
rale cannot be the equilibrium intcrest rate and the economy cannot converge (0 the
Crolden Rule, and the economy stays in the non-trade program lorever. 'This last fact was
formally proven in Gale (1973). Also. in this last papcr, it is remarked that Samuelson’s
examples “have charactcristics exactly opposite to those considercd to be typical by
Fisher and Bohm Bawerk. Instead of unpatient pcople whose income is delayed, he
considers pcople who receive income in the early periods of their lives butl none at
the end.” Thus. apparently, due to Béhm’s third reason of positive interest rates,' it
was understood that negative interest rates were a natural consequence in that world,
the “Samuelson Case.” as Gale called it. And in fact, this was oblained in the three
period cxample by Samuelson. I'urthcrmore, Gale proved that in the more general two
period “Samuelson Case™ (an OLG economy starting with young and old people or
with no beginning, such that the first period endowment is larger than the [irst period
consumption in thc Golden Rule program). the cconomy converges toward the no-trade
steady state, and due to Bohm'’s third reason of positive interest rates and impatience to
spend income, it is argued that Samuelson’s world is probably not the one we live in.
In this paper, we prescnt an OLG economy starting with only young people at
time zero, which is sometimes referred to as starting with Adatn and FEve, so that there
exists a pseudo-equilibrium (following the denomination of Radncr (1972)) that not
only converges to the Golden Rule but also reaches that steady state from the initial pe-
riod of the economy. In addition, we then present a common sense interpretation from
an economic point of view so that the Golden Rule can be reached in a decentralized
way, as an intertemporaly optimal stationary equilibrium. Furthermore, and most im-
portantly. given that an economy starting in the Garden of Eden is not interesting in

' Income is more available it onc is willing Lo wait for il. or in other words, net productivity

Impliciily. it is assumed that income is scarce in the early periods and plentiful in later years. Apparcnily,
due tu the demand’s'low, present prices arc high at first and fali as time goes on, and thus the contrary in
the opposite case. This is not nceessarily troe in this model, but not controversial, as the present study
shows.
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itsell’? this interpretation is trivially ¢xtended to the general two period ~Samuelson
Case.” so that a pseudo-cquilibrium exists thal recaches the Golden Ruie sooner or later
as well.

‘The crucial motivations for these results are the following. First, we hold that
a Garden of Fden OLG economy would never stay in the non-trade program, because
if peoplc consume zero in Lhe second period. it would be a sort of collective suicide;
although the non-trade program may be an equilibrium program for the economy, this
is nol a reasonable outcome.’ Second, and more iruportantly. if one assumes that the
Samuelson Case is the most reasonable assumption in order to face practical problems
by means of a two period OL.G model (we argue that this should be the case in general).
it was proven that an equilibrium in the “Samuelson Casc” converges to the non-optimal
non-trade program. Once again, we believe that it 1s not reasonable to expeet an OLL.G
economy to converge to a program that represents a collective suicide.

In this scnse, our paper can be seen as an argument against the impossibility the-
orem and an argument in support of Sumuelson’s point of view. Wc provide a common
sense interpretation so that the Golden Rule program ts the most reasonable outcome 1n
both the Garden of the Eden and the more gencral two period *Samuelson Case.™ As
will be clear from our description, Samuelson’s point of view is not in total apposition
to Fisher and B6hm Bawerk’s point of view: Besides the impatience to spend income,
which does not matter in order to describe positive interest rates, * net productivity in a
broader sensc is perfectly compatible with a Samuelson world.

On the other hand. if onc is willing to simplify real life such that a two period
OL.GG economy will be used to describe some of its [acts, indeed the Samuclson case is
the most reasonable assumption: Apart from the minimal proportion of people tha( are
born rich (they do not need to work or save), the great majority have to work during their
vouth (this is the endowment in the lirst period), and have almost nothing or nothing
at all for their old age because they arc useless or almost useless for the market (zero
endowment n the second period or almost zcro).

Of course, in our interpretation, 4 reasonablc optimal path will be a pseudo- equi-
librium: We allow for the frce disposal property to hold, that 1s, ncither the consumer
constraint condition nor the market clearing condition are required to hold with equality.
Indeed, we do not think that, a priovi, one should impose any of these conditions with
equality. In this sense, although it is not our main objective, this paper can also be seen
as an argument in favor ol disequilibrium analysis.

2 Itis not our concern here to sludy whether the real world slarted in the Garden of Eden or not.
For the sakc of applications, it is more rcasonable to consider young and old people at time zero (in
a Samuelson world, we arzue), the starting time of the problem under consideration. Nevertheless, if
we consider Lhe extreme case in which the endowment is {1.0), as we do and most of the papers listed
in Section Il do, at any timc the economy is like in @ Garden of Eden cconomy, becuuse the non-trade
program is a steady state (the old people consume nothing. so that the situation is as if they do not exist).

* Moreover, and perliaps an even stronger motivation for the resulls of this paper, is that in the
most reasonables cases, the non-trade prograin cannot be an steady state cquilibriun. Sce Section If1,
Remark 2.

' T'he equilibrium interest rate in both cases, the Samuclson Case and the Classical case, is totally
independent of people’s preferences.

[N



César 1. Guerrero-Luchtenberg /Both a Garden of Eden O1.G and the Samuelson. . ..

People with common sense would prefer to throw away goods if in exchanpe
they could survive during the second period and. assuming this, positive intcrest rates
arc nol only a natural consequence but also very convenient and almost a necessity. il
the population is growing.

Let us extend our argument by imagining what would happen in a rcal situation
like vue OLG economy. If we were indeed embedded in the first pencration of an OLG
cconomy like the onc described above ( let’s suppose that we are Adam and Eve and
we can work in the first period of our lives to obtain a unit of a perishable good. one
banana so to speak. but when aged we cannot work our land anymore because we are
too tired to do it) then we would try to invent 2 way Lo save in order Lo not starve during
the second period. Clearly enough. if we do not find that way to save, we die just at the
heginning of the second period, not becausc ol natural death, but because of starvation.
> Imagine one intelligent member of that first generation, Mr. Smart, tells the others:
1 will create a bond that promiscs 1o pay one plus -the growth rate- bananas tomorrow
per banana today to the holder if the holder gives me onc banana today. In addition,
an institution will be the intermcdiary between the holder and a ncw young agent of
the next generation, in order to make the market credible Lor the next penceration. The
holder will then go to the institution when he is old, and will rceeive his savings.”

That intclligent agent would continue explaining to the athers (Lo the only part-
ner. if you prefer) that: “This is possible because if we plan 1o have as many children
as the hananas the bond promises to pay, our children at the end of their first period will
be perfectly willing to forgo their bananas; if not they would starve without that picee
of paper -the bond-. Our children will sce that the system works since their parents can
survive by means of these bonds.”

The other agents of that first peneration may ask: “Why do you need our ba-
nanas? or, What will you do with them?” Mr. Smart may answer: *Your bananas
jointly with my banana is the crcation cost of the bonds and the institution.” On the
other hand, the others may say: “But thcn how will the cost of the new bonds in the
[uture be financed ?” Mr. Smart replies: “OK, you are right, 1 am lying. There is no
such a cosl. But in order 10 not starve we can do at least two things. Firs(, we can throw
away part of our bananas in order to make our children believe in the bonds. They will
sce Lthat we go to the institution, {orgo our bananas (these bananas will be gone), and
hencc obtain our bonds before they start working. Furthermorc, they will sce that by
means of those bonds their parents can survive when aged. Second. we can lie by telling
them that we have paid for those bonds and tace the risk of our children’s skepticism.
[ suggest the first option. But in any case, think of the following situation. We can (ry
to solve our future by means ol the creation of those bonds, ¢ven without being sure of
its success, or we can eat all our bananas today and accept starvation.” *

5

Of course, there is no way to think of a market for the goods “bananas today™ and “bananas
tomorrow.” because all of them want to save. no onc is willing to borrow. This fact was exactly what
bothered Samuelson.

“ Instead of bonds, we can think that Mr. Smart inay invent another Lype of piece of paper: Money:
We prefer bonds becausc in this context positive interest rates are better understood. Moncy cannot
promisc a positive intercest rate and with maney we may need Lo think of people as trading goods, a fact
hardiy justifiably in this mode!, as we remarked in the Footnole 3.
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Some comments in relation to our [ictitious story are in order. First, it is clear
that we are introducing an additional decision: Pcople choose whether to create the
bonds and the institution or to dic just after their youth. This deceision-making problem
is not initially in the model. We will not try to give a general theory to describe this
decision. We will only present an example. Second. from analyzing our story, enc may
feel that somc o! its elements are not contemplated in the OLG model by Samuelson,
the bonds and the institution - 4 Bank, let’s say-. However. if we suppose that neither of
these two clements imply a cost, as we do. there is no inconsistency. Indeed, from the
outsel, the model assumes the possibility of transferring value from the period of youth
to the period of old age without cost. * Third, we have to note that the model considers
homogeneous agents so we should assume that all the agents arc able Lo reason as Mr.
Smart does. 1Ilowever, further reasoning shows that this last consideration, instead of
being dangerous to our argument, reinforces it. Finally. and deeply connected with
the [irst three comments. it 1s important to notc that we need to describe the agent’s
preferences on the two non consumption goods of our new cconomy: The bond (which
implies throwing away bananas in principle) and death when young, so (0 speak.

Clearly enough, there arc at least two possible outcomes in this economy: One,
when people arc not willing to believe that the bonds will work as a means of transfer-
ring value and prefer to dic when they are young ( the non-trade stationary equilibrium
that Samuelson (1958) and Gale (1973) found);* and second, 4« commeon sensc pseudo-
cquilibrium in which they prefer bonds over dcath such that in the first period people
throw away bananas into the sca (only Adam and Eve) and from the outset the economy
reaches the Golden Rule. as we will show in Section I'V.

The rest of the paper is as follows. In Section 11 we comment on some reclated
literature. Section 111 formally presents the modcl and in Section TV the two main resuits
of this paper arc shown. In Section V we add some final rcmarks.

Il. Related Literature

As far as we know, there are no antecedents of studies dealing with the paradoxical fact
of the non-convergence to the Golden Rule if the OLG economy starts with Adam and
Eve. Giale (1973), instead of considering this fact a sort of collective suicide, provided
a logical argument. On the other hand, the oplimality property of the Golden Rule has
been extensively studied and discussed. Starting with Samuelson (1958), the following
series of papers have been written regarding this point: * Cass and Yaari (1966), Lerner
(1959a, b), Meckling (1960a, b), Samuelson (1959, 1960), Phelps (1961). Thompson
(1967) and Starret (1972). This topic, al least the formal statement, is clearly understood

T Inany case it is clear that we can introduce these costs by thinking that people will work both
their land and in the bank when young. Perhaps, producing less bananas than if they were working the
land full-time, but creating the possibility to transfer value by means of the bonds and the institution. [n
this way, onc can think that amoeng Lhese costs there is ncl profit for the bank, as there is in real lifc. The
explicit introduction of these elements would complicate the mode! unnecessarily:

Although. as we have already noted. this equilibrium may not exist. Sce Section I, Reinark 2.
Of course, we do not pretend to present a complete account of this literalure.

n
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by now. Neverthcless, we present a very transparent and intuitive interpretation for a
class ol utility functions to which our example belongs, showed in Section V. Finally,
regarding the *indinity paradox revealed.” apart from Samuclson (1958). this problem
is clearly highlighted and considered in Cass and Yaari (1966). In their opinion, 1t
does not have a solution. that is, it is not possible to imagine any type of tradc in this
econorny. Actually, they consider the possibility of a financial intcrmediary, but they
reject it on the basis of the following argument: *The outlook seems rosy until one
takes a brief look at the balance sheet of our financial intermediary: The balance sheet
as of the end of period # shows zcro assets and labilitics of s(1 | »)"."" where s is the
(stationary) saving ratio ol people in their [irst period of lifc. This means that at the end
of period  the net worth of the intermediary is given by —s(1 +n)". Now by not doing
anything (that is, by shutting down) the intermediary can guarantee itself a net worth of
zero and so one might arguc that it will never choose to engage in the aforementioned
transactions. ~ (Cass and Yaari (1966), page 360). Wc oller another panorama of the
situation which considers two important points.

First, we must see it this business is profitable for the bankcr It seems to us
that this is exactly whal bothered Cass and Yaari. In cflect, until the banker is able to
reccive the new assets, the net worth of the bank is negative. However, it 1s important
to consider that he is not forced Lo pay the labilities before that moment. Nevertheless,
at the time the obligations have to be paid, he will he receiving the new assets and thus,
will be able o pay them . Therefore. onc could think that the bank is making zero
profits, as we do. Indeed, this is a one period business, and to analyzce if it is profitabic.
one has (o wait until the business is mature. in this case, until the new gencration comes
and buys ncw bonds."

Second, we must wonder if such a financial institution would be considered
healthy by a monetary authority. The introduction of a monetary authorily in this econ-
omy may scem artificial, given that money has no natural mterpretation here due to that,
once again, there is no trade betwceen the goods “the good today” and “the good tomor-
row.” ‘Lrue, but in any cvenl, if one insists on the existence of an institution in charge
ol the supervision of the bank’s behavior, "the situation is not dangerous for society. In
any {inancial institution in real life. one may find particular moments when its net worth
is negative, that is, without the ability to cover the deposits. What matters is the bank’s
ability to pay the debt at the correet time. To the contrary, the monetary authority would
force the bank to contract a new debt at a very high interest rate or, in the worst case.
would forec the institution to shut down. During the day, banks may have a negative
net worth, but at the end of the day, if they are in debt. thcy can go to the overnight
markcet and cover it, or they may cven accept being in debt, provided that they have no
debt at the cnd of the natural period of the ¢conomy -28 days in many countries in real

10
1!

(1 + =) is the gross population growth.

Indeed. it is a business as many business in real life. Think of working the land. The business
man may need funds to begin with. Imagine that he decides to issue bonds, which promise an interest
rate for the next year. This busincss man is in deblt during the wholc year, but at the moment tire intercst
promised by the bonds has to be paid, if the harvest is goad enough, he will pay the debt and the business
foes on.

12

In real life, banks and {inancial institutions are heavily regulated.
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lile-. In our economy something similar is happening. Until the bank reccives the new
assets, it is in debt, bul at the moment the return ol the bonds has 1o be paid., the bank
can paid the debt. Period by period -this is the natural period in our economy and the
natural period of the bank’s business- the bank is contracting new debts. but period by
period is paying the oid debt. no consumer would he disappointed. Thus the monetary
authority. i1t exists, would consider the bank healthy.

I The Model

Time is discrete, £ = 0, 1,2, ... Ateach #, a pencration of agents is born and lives for two
pertods. There is only onc good in each period which is perishable. In the first period
of their lifc, agents receive a fixed endowment or they work for it, which we normalize
10 1. The second period they receive nothing.

Agents have an intertemporal utility function

w(eg, 1) —uleo) t Auler)

where ¢, ) are the consumption levels 1n the first and second period of their lives and
/7 is a positive real number.

We takc the instantaneous utility to be u(¢) — In{c), which means the intertem-
poral utility is of the Cobb-Douglas type.

For each generation £, we denote their consumption decisions by
c(t) = (eo(t), et + 1)),

The size of generation / is NV,. There is an exogenous gross population growth
rate v > O, that is, Ny — YN, Vi >0

There is a bond that promises to pay 1 I-r, units of the good tomorrow per unit of
the good today, so that the price of the bond is ﬁln , interms of the good today. Agents
born at ¢ can save part of their endowment this period through the bond market and get
it repaid next period. The tnterest rate then between period t and period ¢ + 1 is given
by r,. and we denote Ry = 1 + 4.

Agents face the following optimization problem:

max  u{co(f). o (t+ 1)) .
st Ri(1—eo(l))—c(t+1) >0 } ()
The feasibility condttion for the economy at time £ > 1 is:
N, > Nieot) + Ne_yeq (f)
Dividing by N, |,
v = yeo(t) + et (2)

Attime 0, therc are only young agents in the population and hence the feasibility
condition is
Ny 2 Nocg(0)
that 1s (dividing by Ny),
1 > ¢o(0) 3)
Following the denomination of Radner (1972). we definc:
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Definition 1 A sequence ((¢(t), 13,).0q is a pseudo-equilibrium if for all t > 0. (1)
solves (1), (2) is satisfied for all t > O and (3} is satisfied at t = ().

IV, The results

The Garden of Eden Economy

For the given utility function, provided that 12, > 0, the [irst order conditions
are necessary and sufficient for an optimum ot the consumer’s problem (1). We obtan:

C‘|(f t ]) - _#!_}Rt(,'()(t)
and the restriction. Substituting, we obtain

alf) — ————, N 1} = «—n0o 4
From the (easibility condition at time zero (3) we obtain
1
1>  ——— 5
(14 3) (>)

which is trivially satisfied. Note that since 0 < d, this last condition is satisfied with
inequality not depending on the value of the interest rate, consequently resources are
wasted.

From the feasibility condition for all £ > 1(2), it follows:
. L OR_y
1+ 8) T (1+5)
which is satisfied for all stationary gross intcrest rates B < +, and in particular for
R - 7.

Result t: [f R, =~ for t > (. the corresponding pseudo- equilibrium program

IV

0] (6)

Srom t = 0 s exactly the Golden Rule. Thus, by throwing away resources. the Golden

Rule is achieved without delay
it is pertinent to point out some tcchnical details, although they have a very
intuitive economic sense,

Remark 1  First, notice that il I, < 0., the consumer’s problem has no solution be-
cause he will consume an infinite quantity of the good today and tomorrow, and hence
there is no equilibrium in this casc. 1lowever, R, < 0 corresponds (o the case when
v < (). Onthe other hand, from the defiition of , we have that v > . Now, if v =0
then pcople are not having children and therefore the whole economy dies at time 1
and equilibrium should not be found.

Remark 2 Second, observe that even when £, > 0 (or 5 > 0) for all ¢ > 0, there
is never an equilibrium if the agents avoid starvation and we impose the feasibility
condition with equality in a Garden of the Eden economy. More formally, il the agents’
utility function is such that zero consumption at the second period of life can ncver be

7
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an optimal solution, then there is no equilibrium. The rcason is simple. The condition
(3) imposcd with equality implies zero consumption at time onc lor Adam and Fve.
and this, by assumption. cannot be optimal. Here we have a simple although sublle
detail which was neither taken into account in the paper by Samuclson (1958) nor in
the paper by Gale (1973).

The General Samuelson Case

For the sake of transparcency, we decided to present the Garden of Eden ceconomy
{irst and with detail assuming Cobh-Douglas utility functions. Nonctheless, as already
mentioncd, the most reasonable [ramework 1s to assume arbitrary utility functions in
a Samuelson world (thal is, when young people’s optimal consumption in the Golden
Rule program is lower than the first period cndowment) and that the economy comes
from the past, taking at time zero the consumption of the old people as given. Formally,
we assume that at lime zero there arc Ny old people consuming ¢, (0) and from ¢t > 0
the population grows at a rate + — 1. so that at lime one there arc /Nyy young peoplc.
Fvery generation from ¢ > () face the foliowing optimrzation problem:
max  u(co(t).c (2 1 1))
st R0 —et)+(e—ec{t+1)) 20 }
where e is the endowment in the second period, and u(cyp, £1) is now an arbitrary utility
function.
The Golden Rule is defined as 4 constant program ¢(t) = (c§?, &) fort > 0
such that (7, 7R solves

max (g, )
st vl —e)+le—e) >0 } ' (7)

The Samuelson case then is formally defined when ¢f* < 1.

The feasibility condition for £ > 0 in this context is as lollows:
¥+ e 2 yeo(t) + er{t). (8)

The definition of a pseudo-equilibrium in this case is totally analogue.

Now we assume that « is such that % < 1 and that the economy is i an cqui-
librium o (£) — (¢E@).cF(t +1)) from# > 0 QDCh that ¢ (0) = (v + e — ¢ {(0)) /+.
where ¢1(0) is the consumplwn of the old pwplc at time zero. Notice that we are as-
suming the feasibility condition (8) with equality. Now we apply the result proven in
Gale (1973), that is, we assume that «1(0) is close enouph 0 ¢ so that local stability
holds, thal is: c®(t) > (1,¢). Hence, there exists a T such that for all t > T, we have
c§ < (1), lake one such at, let’s say T+ 1. Now notice that the feasibility condition
for the young generation at 7' | 1 1s satislied (not with cquality) if the young people
choose ¢’ instead of ¢& (1 + 1), thus the same reasoning as in the Garden of Economy
can be applicd here, so that from 1"+ | the economy reaches the Golden Rule program.

Result 2 For any OLG economy in the Samuelson Cuse such that ¢1(0) is close
crough to e, it is possible to construct a pseudo-equilibrium that reaches the Golden
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Rule sooner or later

Remark 3 Notice that the result applies to any situation in which there exists an cqui-
librium such that there exists a 7 with the property that ¢ < 1,,'7('1'] It is fair then
to wonder if it possible o [ind OLG economies for which ((’” > ol (t) forallt > 0
and such that for all ¢ > (. ¢, (#) is ncver close enough to c.

Remark 4 [n Geanakoplos (1987) the differences between the Arrow-Debreu modcl
and OLG models are clearly highlighted. For the two period models that we consider
here. the most important differences arc in rclation to the indeterminacy and the non-
optimality of the equilibrium, because here money may have a positive value but. as
already remarkcd, makes litile sense in view of the fact that there is no trude of goods in
our model. One of the questions was: Why may the equilibrium not be optimal in OLG
models? In gencral. it does not seem to be casy Lo [ind a simple answer. Nevertheless.
at lcast for the examples studicd here, our point of view suggests the possibility ol a
simple answer: It we allow for the free disposal property to hald, oplimality can be
obtained. "* Thus, the only point Lo take into account is the feasibility condition.

Remark § Notice thal whenever the price ellect of the good ¢; on the demand of
pood ¢ is zero and both ¢y and ¢, are desirable (so that in equilibrium we must have
Bo(1 — ¢t + 1)) +e- (t) — O lorall ¢t > 0). and agents avoid starvation, as
all Cobb-Douglas utility functions, the condition I?; < ~ for all £ > 0 1s always true
i any two period O1.G economy with endowment (1, 0) in every permd. Following
Cass and Yaari (1966), if (¢ (t), ¢’ (1+1)), By )i»0 denotes an equilibrium or a pseudo-
cquilibrium in a two period OLG economy , then we have:

1 1
¢ —eE+ e F D (=— =) 20
0 ( ) (1} ( 1 ( (Rz‘__] ’}')
tfor all ¢ > 1. Now, under the assumption that the price effect of the good ¢, on the
demand of good (n is zero, 1t is true lhat cF(t) = eE(t — 1) for all £ > 1. Therefore,

R, < v forall i > 0, provided that o*(2) = 0 for all t > 1, whichis the case if apents
avoid starvation. Observe that the followmb umquallly

Y1 =) - Rima(l =5 (8= 1)) 0,
also holds for all ¢ 2 1, even with endowment (1, ¢}, so that for any equilibrium such
that ¢’ (t) < 1forall { > 1, we also obtain R, < ~ forall # 2> 0. [t is pertinent then to
ask under what conditions an cquilibrium is such that cE(t) < 1foralll > 1 even with
endowment (1,¢) #£ (1,0). With Cobb-Douglas utility functions the condition is that
¢ be small enough. We conjecture that. for more general utility (unctions ( satistving
that thi¢ price effect of the pood c1 on the demand ol good rq is zcro and both ¢ and
¢ are desirable), the condition ¢/ E(1) < 1forall £ > 1is also obtained provided that
is small enough.

Y Intertemporal oplimality, in the sensc of Starret (1973). The fisrt generation alwavs can be

hetter oft,
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K Final Comments

At first glance, the argument suggesting that a Garden of Eden cconomy cannot con-
verge to the Golden Rule scems convineing. Nevertheless, when one trics 1o imagine
what would happen if we were indced in that economy. a very bad feeling comes over
us: s there no way out of this sort of suicide? Our answer was yes. there should be
a way out, and indeed the answer is yes. there is a way out. providing we do preler
the bonds and throw away goods instead of dying when young. It comes down to the
question: Do we indeed prefer to die when young just because we have to throw away
goods? Our guess is that people with comumon sense would create the bonds.

Another fact that should be pointed out is the following. From the feasibil-
ity condition lor t > 1 (6). it is clear that not only is there a great deal of stalionary
pscudo-cquilibria but there is also a great deal of non-stationary psuedo-equilibria. In
fact. any scquence {R,},-, satislying (6) for £ > 0 is a pseudo-equilibrium. Nev-
crtheless. it is important 10 note how clear it is that the only intcriemporal optimurn
pseudo-cquilibrium in the sensc ol Starret (1972) is the one whose interest rale is equal
to the growth rate. Indeed. any gross interest rate lower than the growth ratc would
wasle resources. Of the possible rates. the larger is the growth rate, and people opti-
mize assuming the growth ratc as the interest rate of the bond market, hence there is
no way to improve any generation. Observe that this interprelation can be applied to
the class of OLG economics with utility functions satisfying that the price effect of the
good ¢;; on the demand of good ¢4 1s zero and both ¢y and ¢; are desirable (see Remark
5).

Another problem stemming Irom the previous comment is the indclerminacy
ol the equilibrium. Clcarly, this indeterminacy comes from the fact that neither the
consumer constraint nor the feasibility constraints are imposed with cquality. However,
we insist herc on the fact that thesc assumptions are quite reasonable from an economic
point of view: In recal life, markets may clear or may not clear, this is the only thing
that we know for sure. 1t is not the purpose of this paper to present a general theory
to solve this controversy. Bui, in our examples, that indelerminacy can be overcome
by assuming that there arc many people like Mr. Smart that may want to engage in
the business. so thal any one of thcm offering a lower interest rate than the others will
losc all his demand. Thus, it is obvious that all of them will choose to offer the growth
rate of thc population, the largest one, as the interest rate. In this way, the market for
bonds would be a competitive market in which managers cannot manipulate priccs.
‘This last interpretation has a very good consequence, that is, we obtain an answer for
the existence of positive interest rates: Positive interest rates exist because Business
Men arc able to guess that a business may bc profitable and hence they engage in an
enterprise and ofler positive intercst rales, in conjuction with people’s necessity to save
(in the extreme situation where people have nothing during the second period, time
preference or impatience to spend income, obviously, does not matter in order to explain
positive interest ratcs). Mr. Smart 1s just a Business Man who sees that a business can
work and decides to hecome a manager, and oflers positive intcrest rates -exactly the
growth rate of population- just because otherwise he would lose his demand and no

10
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business would be possible for him.

Some other remarks related to the issuc of explaining positive intcrest rates, and
to the significance of modeling real macroeconomic questions through O1.G models (or
through any kind of general equilibrinm macroeconomic model using microeconomie
foundations), are in order.

First. notice that in the paper by Gale (1973) it is argucd that the most interesting
casc [rom the point of view of economic theory is “The Classical Case,” in which
resources arc scarce in the earlier periods of the economy and plentiful in the later, in
order 10 obtain some insight n relation to the theory of economic growth, in the sense
of improving standards of living. " On the other hand, from our example, it is clear that
the “Samuelson Case” has al least one common sense interpretation in which indced
people arc at the Golden Rule from the very beginning (with endowment (1, 0)). and
hence even faster than in a typical “Classical Case.” '* On the other hand, even in the
general Samuelson case, as we showed in Scction IV, there are cornmon sense psudo-
equilibria the rcach the Golden Rule sooner or later, improving profoundly the standard
of living. given that the non-trade equilibriwn is not optimal.

Second. given our interprelation, we think that in order to give 4 theoretical
desceription of positive inlerest rates, the Samuelson Case would be one of the most
appropriate regarding some circumstances. As we have clearly shown in our example,
in a Samuelson world, the growth ratc would be not only something very convenient,
but also the most reasonable interest rate. Notwithstanding. we stress here that our
opinion is thal neither the Samuclson Case nor the Classical case can provide a general
answer to the existence of positive inlcrest rates, becausc both are too simple. For a
two period OLG model, the Samuelson Case is the most reasonable assumption, and it
provides very good intuitive insight. The crucial point then is to identify precisely the
circumstances to which a model can be applicd.

Third, remember that duc lo Bohm's third rcason for positive interest rates when
apphied to the Samuclson case, one apparently only finds negative intercst rates, but we
find positive interest ratcs, which is, to our understanding, the most reasonable result in
a real Samuclson world. This begs the question: [s the low of the supply and demand
failing in our example? it may he failing, and the reason for this failurc is that peoplc
avoid starvation and decidc to throw away goods. Another rcason. which we consider
the answer, is that the model as it is, cannot be considered a model in which people arc
trading goods today and goods tomorrow, so that a demand’s low is an empty concept in
relation to the goods or endowments. Of course, people trade, but they trade honds, and
in this market, as alrcady shown, a demand’s low applics. However, in relation to Béh-
m'’s third reason of positive interest rates, we would still like to add one more comment.
The argument ol net productivity was understood in the narrow scnse of endowments.
Indeed. one can interpret the population growing as net productivity in a broader sense.
De facto, our business man understood that there was somc net productivity in the so-

1" Nevertheless, as Gale showed in the Classical Case, the non-trade cquilibrium is optimal so

thal there are no incentives to trade at all, no incentives to deviale from the initial cndowments, and the
ceonomy stays on this path forever.
' (Ohviously, only when the non-trade program is not optimal, 4s it is in general.
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clety. From this point of view, there is no contradiction between Béhm's argument and
Samuclson’s argument.

Fourth, onc should realize the following fact. All the discussions and controver-
sial results are exclusively due Lo the fact that people impose the feasibility condition
with equality. On the other hand. following our point of view, the entire class of func-
tions that display aversion to starvation shows that the equilibrium outcome is not a
reasonable one, whereas our pscudo-equilibrium provides a very intuitive outcome and
is not in contradiction with a competitive interpretation of it. In this way, our papcr can
be used as an argument in favor of disequilibrium analysis.

There is still one more comment in this respect. 'L'he¢ model admits from the
very beginning a way of transferring value. Thus, when people say il we introduce
mongy in the model,” or “if we introduce bonds in the model”, or even when they
say “1if we introduce a social sceurity system,” this can only be a way of speaking.
The model admits all these interpretations. so that. strictly speaking, it assumes any of
these. The point is that cquilibrium is a kind of dynamic steady state, from which, once
reached. there are no incentives o deviate. But the model as it is, describes neither how
the equilibrium is reached nor why it is reached. Thercfore. any assertion in relation
to how or why the equilibrium is reached. is outside of the model and not a logical
consequence of it.

Finally, we would like to emphasize the {act that from our interpretation there is
no need for governmental action and the result 1s not paradoxical, just the market. a frec
market for bonds is sullicient. There is no contradiction with a laissez-faire economy
and nothing mistaken about the mathematical solution of the model. Of coursc, i we in-
sist on thinking that Samuelson’s model ts a purc cxchange model, then it is paradoxical
because all young people are creditors and hence therc are no debtors. However, fol-
lowing from our interpretation, the debtors arc represented by an institution, the bank.
On the other hand, in real life, for the sake ot savings, most debtors are chiefly banks
and financial institutions, and in fact they ofler positive interest rates becausc they have
invested in another business that promises to pay them a higher intcrest rate.
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