
NDMERO 262 ................................. 

CESAR L. GUERRERO -LUCHTENMBERG 

Alternative Dynamics and Stability 
results in OLG Model: An Interpretation 

MAYO 2003 

CIDE 
Www.cide.edu 



Las colecciones de Documentos de Trabajo del CIDE representan 
un media para difundir las avances de la labor de investigacion, y 
para permitir que las autores reciban comentarios antes de su 
publicacion definitiva. Se agradecera que las comentarios se hagan 
llegar directamente al (las) autor(es). 

• D.R. ® 2003. Centro de lnvestigacion y Docencia Economicas, 
carretera Mexico-Toluca 3655 (Km. 16.5), Lomas de Santa Fe, 
01210, Mexico, D.F. 
Tel. 5727•9800exts. 2202, 2203, 2417 
Fax: 5727•9885 y 5292•1304. 
Correo electronico: publicaciones@cide.edu 

www. cide. edu 

Produccion a cargo del (las) autor(es), par lo que tanto el contenido 
asi coma el estilo y la redacci6n son su responsabilidad. 



Abstract 

In this paper we make a critic of the standard stability results already 
established in a basic two period OLG model. Under an alternative 
interpretation of the model we obtain in a more general setting that the 
economy can reach the Golden Rule Steady State, even when at this interest 
rate, all young agents are creditors. We show that even if the economy starts 
with only young people ---referred to as the Garden of Eden Economy---, it 
also reaches the Golden Rule Steady State. Additionally, as a by-product of 
this study, we obtain a complete characterization of the possible equilibria. 

Resumen 

En este trabajo hacemos una crftica de los resultados de estabilidad ya 
probados en la literatura en relaci6n al mode/a basico de generaciones 
solapadas de dos perfodos. Baja una nueva interpretaci6n mas general de/ 
modelo obtenemos que la economfa puede alcanzar la Reg/a de Oro, aun 
cuando al tipo de interes correspondiente a dicha Reg/a de Oro, todos los 
agentes j6venes son ahorradores. Mostramos tambien que inc/uso en el 
extrema caso en el que solo hay j6venes al inicio de la economfa ---1/amada 
de/ tipo Jardin def Eden---, esta puede alcanzar la Reg/a de Oro. Mas aun, 
coma un subproducto de nuestra interpretaci6n, obtenemos una comp/eta 
clasificaci6n de los posibles equilibrios en este tipo de economfa. 





Introduction 

In this paper we present an alternative point of view in order to interpret the basic OLG 
model and, consequently, we obtain alternative dynamics and stability results which we 
argue are more reasonable than the standard results found in previews works. With this 
objective in mind, we also have found some new results valid for both our point of view 
and the standard point of view, specially in relation to the classification of the possible 
equilibria. 

To understand the motivation of our study, we will review the established results. 
In the paper by Samuelson (1958), a stationary two period OLG economy with homo­
geneous agents endowed with one unit of a perishable good in the first period of their 
lives and nothing in the second period was considered, in order to present a general 
equilibrium explanation of positive interest rates. As is well known by now, Samuel­
son found that an equilibrium interest rate exists which is equal to the growth rate of the 
population, referred to as the Golden Rule Interest Rate, and the corresponding constant 
consumption program is called the Golden Rule Steady State. 

Four aspects of this model (imposing the market clearing condition, that is, the 
feasibility condition with equality) have been extensively studied: Optimality, stability 
(dynamics), sensibleness of the model's results and, finally, sensibleness of the model it­
self. The optimality issue for the simple version studied here is indeed a closed question, 
namely, that the Golden Rule Steady State is always intertemporally optimal. However, 
regarding the other steady state corresponding to the constant program given by the 
endowments, entitled the Non-Trade Steady State, we have two possible results. If all 
young people at the Golden Rule Interest Rate are debtors (referred to as the Classical 
Case Economy) the Non-Trade Steady State is optimal, whereas if all young people at 
the Golden Rule Interest Rate are creditors (referred to as the Samuelson Case Econ­
omy) it is not (see, for example, Malinvaud (1953), Starret (1972) and Gale (1973)). 
Notwithstanding, with respect to the three other aspects, there arc still some open ques­
tions, which are the subject of this paper. 

First, let us consider the issues of stability and sensibleness of the model's results. 
Gale (1 973) showed that there are only two steady states, the Golden Rule Steady State 
and the Non-Trade Steady State. Furthem1ore, he showed that in a Classical Case Econ­
omy the Non-Trade Steady State is unstable. On the other hand, in a Samuelson Case 
Economy, the Non-Trade Steady State is locally stable. In order to draw our interpreta­
tion from these results, it is worth clarifying the meaning of the classification Classical 
Case Economy and Samuelson Case Economy. To fix ideas, consider the extreme case 
that Samuelson analyzed, that in which the second period endowment is zero. In this 
situation the economy is always a Samuelson Case Economy. Now, this however, is the 
most reasonable scenario that one can imagine in order to set up a model with almost 
any analytical objective: Most people in real life can be described as having a unit of 
the good when young and having nothing (almost nothing) when old. But, surprisingly 
enough, the model then predicts that there will be no trade at all, or even if there was, 
the economy will converge to the Non-Trade Steady State, this Non-Trade Steady State 
being non-optimal. Summarizing: A Samuelson Case Economy -perhaps the most 
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reasonable set up for applications-, if left to work through free markets (imposing the 
market clearing condition), always ends in a non-optimal situation. Nevertheless, this 
is not the most paradoxical fact of this result: The model says that even in a extreme 
situation of necessity (the agents have no units of the good in the second period), they 
will not use the possibility that the market is giving to them in order to obtain goods 
when old. Observe that if one interpreted this situation in terms of real life, the agents 
would be dying when old, but not because of a natural death: They would be dying 
due to starvation! This observation begs the questions: I) What are the reasons for 
these paradoxical results? 2) Is it possible in this model to present an alternative and 
reasonable view in such a way that a Samuelson Case Economy reaches or converges 
to the optimal Golden Rule Steady State? As mentioned above, in this paper we show 
the reasons for these results and we demonstrate that the answer to the second question 
is yes. Another point studied in this paper, profoundly connected with the stability is­
sue, is the so called 'Samuelson Impossibility Theorem,' which asserts that a Garden of 
Eden Economy can never converge to the Golden Rule Steady State (assertion proven 
in Gale (1973)). More precisely, the model predicts that a Garden of Eden Economy 
will forever stay in the non-optimal Non-Trade Steady State, one in which, exactly as 
in the Samuelson Case Economy, people are deciding a sort of collective suicide, even 
though the free market structure would provide them a way out of this situation. Once 
again, this last comment begs the same questions 1) and 2) as before. Not surprisingly, 
the answers are the same as for the general Samuelson Case Economy. 

Second, let us consider the model's sensibleness. This point resulted to be in 
question as a consequence of what Samuelson called the "infinity paradox revealed," 
which reads as follows: Imagine a Samuelson Case Economy and consider the Golden 
Rule Steady State, so that, by definition, all the agents in the economy are creditors 
and, therefore, the question comes, Who is then borrowing? The point is that the model 
was considered as a 'pure loan consumption model.' Of course, considered such, the 
question above is pertinent and furthermore, has no answer. Instead of that, we will 
assume that there is a bank that serves as a financial intermediary, and therefore, the 
infinity paradox revealed disappears as a paradox and the Golden Rule Steady State 
acquires a clear sense. 

As the reader perhaps would be expecting, we are not saying that the previous 
stability results are false from a mathematical point of view. Our argumentation, instead, 
relies on the following two points: 1) a priori, there are no general economic reasons 
to impose the feasibility condition with equality; 2) we assume that there are complete 
markets because there is a financial market (banks) that offer bonds in order to allow 
for savings: That financial market works competitivelty. 1 A simple consequence of this 
fact in this model, is that there is no uniqueness of equilibria. Therefore, our equilibrium 
paths will be just examples among all the possible ones. We argue, then, that they are 
more reasonable than the equilibrium paths calculated imposing the feasibility condition 
with equality. 

The rest of the paper is as follows. In Section 2 we comment on some related 
literature. Section 3 formally presents the model and in Section 4 the two main results 

1 The assumption of a existing financial market is commented in the following section. 
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of this paper arc shown. In Section 5 we present the argument in favor of the existence 
of the bank and fully develop the argument in favor of our results in Section 4. Lastly, 
in Section 6 we add some final remarks. 

Related Literature 

As far as we know, there arc no antecedents of studies dealing with the paradoxical fact 
of the non-convergence to the Golden Rule if the OLG economy is a Samuelson case 
economy or if it is a Garden of Eden economy. Gale (1973), instead of considering 
this fact a sort of collective suicide, provided a logical argument. On the other hand, 
the optimality property of the Golden Rule has been extensively studied and discussed. 
Starting with Samuelson ( 1958), the following series of papers have been written re­
garding this point: Cass and Yaari (1966), Lerner (1959a, b), Meckling (1960a, b), 
Samuelson (1959, 1960), Phelps (1961), Thompson (1967) and Starret (1972). 2 This 
topic, at least the formal statement, is clearly understood by now. Finally, regarding 
the "infinity paradox revealed," apart from Samuelson (1958), this problem is clearly 
highlighted and considered in Cass and Yaari ( 1966). In their opinion, it docs not have 
a solution, that is, it is not possible to imagine any type of trade in this economy. Ac­
tually, they consider the possibility of a financial intermediary, but they reject it on the 
basis of the following argument: "The outlook seems rosy until one takes a brief look 
at the balance sheet of our financial intermediary: The balance sheet as of the end of 
period t shows zero assets and liabilities of s(l +n) 1

;
1 wheres is the (stationary) saving 

ratio of people in their first period of life. This means that at the end of period t the net 
worth of the intermediary is given by -s(l + n,)l. Now by not doing anything (that is, 
by shutting down) the intennediary can guarantee itself a net worth of zero and so one 
might argue that it will never choose to engage in the aforementioned transactions. " 
( Cass and Yaari ( 1966 ), page 360). We offer another panorama of the situation which 
considers two important points. 

First, we must see if this business is profitable for the banker. In effect, until the 
banker is able to receive the new assets, the net worth of the bank is negative. However, 
it is important to consider that he/she is not forced to pay the liabilities before that 
moment. On the other hand, at the time the obligations have to be paid, he will be 
receiving the new assets and thus, will be able to pay them. Therefore, one could think 
that the bank is making zero profits, as we do. Indeed, this is a one period business, and 
to analyze if it is profitable, one has to wait until the business is mature, in this case, 
until the new generation comes and buys new bonds.4 

Second, we must wonder if such a financial institution would be considered 

2 Of course, we do not pretend to present a complete account of this literature. 
:i ( l + n) is the gross population growth. 
'1 Indeed, it is a business as many business in real life. Think of working the land. The business 

man may need funds to begin with. Imagine that he decides to issue bonds. which promise an interest 
rate for the next year. This business man is in debt during the whole year, but at the moment the interest 
promised by the bonds has to be paid, if the harvest is good enough, he will pay the debt and the business 
goes on. 
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healthy by a monetary authority. The introduction of a monetary authority in this econ­
omy may seem artificial, given that money has no natural interpretation here due to that 
it is difficult to interpret that there is trade between the goods "the good today" and 
"the good tomorrow" --they trade goods today for bonds-----. True, but in any event, if 
one insists on the existence of an institution in charge of the supervision of the bank's 
behavior,5thc situation is not dangerous for society. In any financial institution in real 
life, one may find particular moments when its net worth is negative, that is, without 
the ability to cover the deposits. What matters is the bank's ability to pay the debt at the 
correct time. To the contrary, the monetary authority would force the bank to contract 
a new debt at a very high interest rate or, in the worst case, would force the institution 
to shut down. During the day, banks may have a negative net worth, but at the end of 
the day, if they arc in debt, they can go to the overnight market and cover it, or they 
may even accept being in debt, provided that they have no debt at the end of the natural 
period of the economy ----28 days in many countries in real life----. [n our economy 
something similar is happening. Until the bank receives the new assets, it is in debt, 
but at the moment the return of the bonds has to be paid, the bank can paid the debt. 
Period by period -this is the natural period in our economy and the natural period of 
the bank's business- the bank is contracting new debts, but period by period is paying 
the old debt, no consumer would be disappointed. Thus the monetary authority, if it 
exists, would consider the bank healthy. In other words, one may think that the banks 
arc playing a 'Ponzi Game, ' and indeed, in real life, many banks are playing a Ponzi 
Game. Nevertheless, as they are institution with an infinite lifespan, they can play it. 
Particulars arc not allowed to play a Ponzi Game. 

The Model 

We consider a double-ended, stationary overlapping-generations economy with no pro­
duction where agents live for two periods. There is a single, perishable good each 
period. At each t E Z, a generation of agents of size Nt > 0 is born. There is an ex­
ogenous gross population growth rate 'Y > 0, that is, we suppose that Nt+l = ,yN1 for 
all t E Z. 

The first period of their life, agents receive a fixed endowment, which we nor­
malize to 1. The second period, endowment is denoted by e > 0. Agents have a 
continous intertemporal utility function 

u(co,c1) 

strictly increasing in both arguments, where c0 , c1 are the consumption levels in the first 
and second period of their lives, respectively. 

The market structure is as follows. There is a bank that works as a financial 
intermediary. If people want to lend (save), because they have little goods for the old 
age or they are patient people, they buy a bond that promises to pay Rt = l + r 1, units 
of the good tomorrow per unit of the good today, so that the price of the bond is l~r, 
, in terms of the good today. The interest rate rt is offered by the bank. On the other 

5 In real life, banks and financial institutions are heavily regulated. 
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hand, if people want to borrow, because they have a lot of goods in the old age or 
they are impatient people, they borrow from the bank, and in this case the bank asks 
an interest rate r' = r as well from them (in real life we have r' > r) so we are l l , /_ I. , 

assuming that the bank is making zero profits. For each generation t, we denote their 
consumption decisions by c(t) = ( c0 (t), c1 (t + I)). Therefore, the consumer's problem 
is the following 

1nax '11(co,c1) } 
co(t) +_ c1(t + l)-1l = 1 + 1; e 

S. t. Lf 1./. 

c0 (t), c:1 (t + 1) ~ 0 
(1) 

An economy so described is then given by£ = ( ( 1, c), tl, 1'). 

Definition 1 An equilibriumfor the economy [ is a pair ( C, R) where C = { ( c0 (t), c1 (L + l)) Lcz 
is a sequence of agents· consumption plans and R = { R1.} tEZ is a sequence of positive 
quantities (called interest rates), such that 

(i) For all t E Z, (c0 (t), c1 (t + l)) solves (1), and; 
(ii) the feasibility condition holds for all t E Z: 

N1.co(t;) + N1--1ct(l)::; N1. + eN1.--1• (2) 

An equilibrium is a steady state if (co ( /:), c1 ( t + l)) = (co, c1 ) for all t E Z. 

Notice that the feasibility condition is equivalent to 

,co(t) + c1(t)::; 1 + e. 

For completeness, we restate formally the following definitions. 

(3) 

Definition 2 The Golden Rule Steady State is defined as a constant program cc; R ( t) = 
(cf 1i, (ffl)for t E Z such that (c~R, cfR) solves 

max v~~~o, c1? " } 
s.t. 1co+c1::;,+c . 

Co, C1 ~ () 

(4) 

It follows at once from the previous definition, that the pair ( ccH, RGR), where 
ccH is the constant sequence equal to (c[fR, cfii) and RGR is the constant sequence 
equal to 1 , is an equilibrium. 

Finally, we present the following, 

Definition 3 An economy [ = ( ( 1, c), v,, 1 ) is a Samuelson Ca .. se Economy ff c~R < 
l, and is a Classical Case Economy if cf/Ii > l. 

The results 

5 
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The General Samuelson Case 

Our first result says that, given a Samuelson Case Economy, even in the worsts 
case in which there is an equilibrium that is converging to the non-optimal Non-Trade 
Steady State, it is possible to find another equilibrium in which the Golden Rule Steady 
State is reached. 6 Formally, we have: 

Theorem 1 Let £ = ( ( l, e), 'n, ry) a Samuelson Case Economy. Assume that there 
exists an equilibrium ( { ( co(t), c1 (t + l))} ,a, { Rt La) such that ( c0 (t), c1 (t + l)) --+ 

( l, e). Therefore, there exists an equilibrium 

( { (c0 (t), c1 ( f; + 1)) La, {R1,} ) and a natural numberT, such that we have (c0 ( t), c1 ( t + I)) == 
tEZ 

(r{jn., cfl-l) and R,. = 1 for all t 2: T, that is, there exists an equilibrium in which the 
Golden Rule Steady State is reached. 

Proof: As we have (c0 (t), c1 (t + l)) --+ (l, e), then there exists a 1'' such that 
for all t 2: T, we have cf R < c0 (t) (recall that in a Samuelson Case Economy, we have 
cf fl < l). Define 

7, • { 0 I CR ( ) '} -=mm t2: er/ <c0 t .' 
Thus, we have C6;R < c0 (T). Now observe the feasibility condition at time T (recall 3): 

ryco(T) + c1 (T) :::::; ry + e. 

Consequently, we have 
ryc{R + C1 (T) < I + e, (5) 

since cfn < c0 (T). Hence, ifwe take the sequence ( Rt, (c0 (t), c1 (t+ l)) = ('-y, ( cfR, cf R)) 
from t 2: T, we clearly have that 

ryco(t) + c1(t) = ,cfH + cfH = "'/ + e, 

for all t 2: T + 1, since (cf R, cfR) solves (4). Therefore, the sequence (Rt, (c0 (t), c1 (t+ 
1)) = (ry, (c6m, cfR)) solves (1) and satisfies (2) for all t 2: T + l, because (cfR, cfH) 
solves (4) and because of(5). Now, let us define 

( 5 (--; ( ) --; (t l)) _ { (Rt, (co(_ t), _c1 ( t + l))) if t < T and 
n 1., co t , c1 + - ("' ( ua GH)) ·ft > T y, Co , c1 I , _ 

Now, notice the following facts: First, 

Second, 

(R,, (c0 (t), c1 (t + 1)) solves ( l) and satisfies (2) for all t < T, 
because it coincides with (Rt, (c0 (t), c1 (t + 1))) ift < T. 

at t = T we have that ,co(T) + c1 (T) = 1cgR + c1 (T) < 1 + e, 
due to (5). 

(6) 

(7) 

(8) 

6 Recall that the Non-Trade Steady State is locally stable in a Samuelson Case economy (Gale 
(I 973 )). Thus, in most situatiations we will have in fact that relevant equiblibria to study are such that it 
is converging to the Non-Trade Steady State. If this is not the case, nothing can be said in general. 

7 Notice that we only pay attention on what would happen from t = (l. Therefore, we are implic­
itly assuming that we study the economy from t = 0. 

6 



----~Cf.5f!r L. Guerrero-Lyr;_b_t_r;D_Q_r;rg_f/jl(emf!tivr;Dy@mi_c;~ f!DQ_$_ff!Qi/1tjl_Jesults in a Q_((i_." 

Finally, notice that 

form t = T + l we have that "l(T + 1) + ?\ (T + l) = ,cf11 + cf:H, 

so that (fl,, ( c:0 (I,), r 1 ( t + l)) solves ( 1) and satisfies (2) for all t > T. 
(9) 

Now, is follows at once from (7), (8) and (9), that the sequence given in (6) is an equi­
librium that reaches the Golden Ruic from/;= T. This ends the proof of the theorem. 
■ 

Remark 1 It is important to notice the following fact. According to the equilihriurn 
found in the previous theorem, at time T the feasibility condition is not binding (8). 
This situation can he interpreted as that the young generation al this time is throwing 
away goods. /Joi,vever, this is not an argument that can he used in order to reject our 
equilibrium: In real lfe, there are indeed situations in which people decide to throw 
away goods, for example, {fa good has a ve,:y low price, the producer many times 
throw away goods in order to revert the situation. 

Remark 2 In Geanakoplos (1987), the differences between the Arrow-Debreu model 
and OLG models are clearly highlighted. For the two period models that we consider 
here, the most important differences are in relation to the indeterminacy and the non­
optirnality of the equilibrium. One of his questions was: Why the equilibrium may not be 
optimal in OLG models? An inmediate derived question from that one is the following: 
Why an optimal equilibrium ,nay not even be locally stable? In general, it does not 
seem to be easy to.find a simple answe,: Nevertheless, our point of view suggests the 
possibility of a simple answer: ff we allow for the free disposal property to hold, local 
stabili(y can he obtained. Thus, the only point to take into account is the feasibility 
condition. 

The Garden of Eden Economy 

The second technical result of this paper says that in a Garden of Eden Econ­
omy can achieve the Golden Rule, in contrast to the Samuelson Impossibility Theorem, 
which asserts that, under the extreme situation where e = 0 (in this case the economy is 
always a Samuelson Case Economy), then, if at time zero there are only young people, 
no equilibrium can converge to the Golden Rule. In a two period case, ifwe impose the 
market clearing condition, the result is trivial. For the case of more than two periods, 
this conjecture was proven in Gale (1973). 

Now we give formal definitions. A Garden of Eden Economy is defined as 
follows. At time t = 0 there are only N0 young people and from this moment on, the 
population grows at a rate,, in such a way that at any time t > () are born N, = '"'/No 
new agents. The rest of the elements of the economy are defined as in the Samuelson 
general case. The equilibrium then is defined as follows: 

Definition 4 An equilibrium/or the economy[ is a pair (C, R) where C = { (co(t), C1 (t + 1))} t>o 
is a sequence of agents' consumption plans and R = { R1} 1>o is a sequence of positive -
quantities (called interest rates), such that --

7 



(i) For all t 2:: 0, (c0 (t),c1(t + 1)) solves 

rnax 

s.t. 
(10) 

and; 
(ii) the feasibility condition holds for all t 2:: 0 that is : 

(a) at t = () 
(11) 

and, 
(b) fort> 0 

Theorem 2 Let £ = ( ( 1, e), u, 1 ) a Garden of Eden Economy, where cf/ a < l (that is, 
it is a Samuelson Case Economy). Then, the Golden Rule program is an equUibrium. 
That is, at time t = 0, the economy reaches the Golden Rule. 

Proof: Just observe that the young generation at time zero can throw away goods 
( exactly as the young generation at time T in the previous theorem), and decide to 
consume cgu instead of l . It follows at once then that the Golden Rule program is an 
equilibrium. ■ 

Interpretation and classificatio11 of equilibria 

As we have already commented above, the bank, the financial intennediary, would be 
making zero profits under our interpretation, in such a way that the model is sensibly 
consistent with this assumption. The main point in question here is that the model does 
not describe why there are complete markets. It is assumed, so it is assumed implicitly 
a mechanism that complete the markets as well. Therefore, the model, if we do not 
impose the market clearing condition (which need not to be assumed in advance, as we 
argued before), it does not select an equilibrium among all the possible ones. As we will 
see in the sequel, this fact is behind of our final argumentation. Our interpretation then, 
will provide a sensible criteria from an economic point of view in order to select an 
equilibrium. But, before we proceed to give it, we will need the following result which, 
as a by-product, provides a general classification of the possible equilibria when the 
clearing market condition is imposed. 

Classification of equilibria 

Theorem 3 Let£= ((1, e), u,, 1 ) be an economy. Then, 

(i) if ((cf (t), c{;_:(t + 1)), Rt)tEZ denotes any equilibrium in which the feasibility con­
dition holds with equality for all t E Z, that is, the market clearing condition holds 

8 



for all t E Z, then 1 -- ck ( t) > 0 for all t E Z or, l - c(/ (t;) < 0 for all /; E Z or 
l - c/i,;(t;) = 0 for all t E Z; in the first case, we call the equilibrium to be of the 
Samuelson Case, in the second case we call it to be of the Classical Case and, in the 
third case we call it to be of a Garden of Eden Case; 

(ii) if£= ((l,c),'u,,,) isaSamuelsonCasccconomyand ((c({(t;),c(,;(l;+ l)),R1)LEZ 

denotes any equilibrium such that ((c/i;;(t), cf (t+ 1)), Ri)------+ ((1, e), p(NT)), where 
p( NT) is the gross interest rate corresponding to the Non-Trade Steady State (sec 
Gale ( 1973)) and such that for some [, we have 1 - ck ( t) > 0, then 

(ii.I) 1 - c/i~(I) > 0 for all t 2 {, and 
(ii.2) r > R, __ 1 for all t, large enough. 

Proof: (i) Dividing (2) by Ni,--i, we obtain 

,co(t) + C1 (t) ~ 1 + C. 

From the budget constraint of problem (1) at time t - 1, wc have 

c - cf(t) = -R, __ 1(1- c{/(t - 1)) 

and hence (12) becomes 

= 1 (1 -- c{i,;(t)) + (c - cf(t)) = 
0 ~ 1 + e - (,c{i,;(t) + cf (t)) = } 

= 1 (1 - ck'(t;)) - Rt-- 1(1- c{i"'(l-1), 

(12) 

(13) 

so, (1 - c/i'(t;)) 2 R,_ 1(1-c{i;;(t-l) for all/; E Z. Now, ifthemarketcondition 
holds for all t E Z, it follows from (13) that 1 (1 - ck(t)) = Ir.1 ___ 1 (l - c{i"'(t - l) for 
all t E Z and therefore the claim in (i) follows at once. 

(ii.I) From (13) we observe that 1 (1 - c{i;;(t)) 2 R1, __ 1 (1 - c{i~(F) > 0 for all 
t > F and the claim is proven. 

(ii.2) Provided that (l - c{i"'(t)) > 0 for all t 2 F, and rearranging (13), we 
obtain 

1 (l-c{i,;(t-1)) _ 
-. -_ 2 ( 8 (· ) ) for all t > t. 
RL-l l - c0 t 

On the other hand, since ( (ck(t), cf (t + l) ), R,;) ------+ ( (1, e), p(NT) ), we can assure that 

c{i,;(l) is increasing (see theorem 4, in Gale (1973)), and therefore (l(~~~t,'(~;l\l) > l for all 

for all t large enough, so that 1 > Rt-l for all t large enough, and the claim is proven. 
■ 

Interpretation 

Suppose that ( (cf (t), cf (t+ l)), R1,)ia denotes any equilibrium such that ((cff (t), cf (t+ 
1)), Rt)------+ ((1, e), p(NT)) and such that l - cf (t) > 0 for all t E Z (recall Footnote 
6). 8 

8 The case when the equilibrium ( ( c{f ( t). cf ( t + 1)), Rt )ta is such that there exists t such that 
1 - c{j(t) < 0 can be analized exaclty as if it were a Garden of Edem economy: At time t the Golden 
Rule Steady State can be reached. 

9 
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Observe that in this case, the set of the possible interest rates is bounded by ~f 

(see theorem 3 (ii.2)). Now, in concordance with our hypothesis that there is a bank 
completing the markets, we assume that there is free entry regarding the possibility of 
installing a bank, that is, we assume that the financial markets behave competitively. 
Consequently, the actual interest rate active in the market will obviously be the largest 
one among the possible ones. 

Given these hypothesis, it follows at once the viability of our equilibria in theo­
rems 1 and 2: Upon the possibility to offer '"Y (the largest possible interest rate), this will 
be the active interest rate in the economy, and the Golden Rule equlibriurn is achieved 
in a general free market setting. 

Summarizing, our alternative interpretation of the model consists in to assume: 
1) the existence ofa bank that complete the markets; 2) that the financial markets behave 
competitively; 3) not to impose the market clearing condition. 

Now, our argument in order to assert that the equilibria given in theorems 1 and 
2 are more reasonable than the ones imposing the market clearing conditions, directly 
follows from the points 1 to 3 above and from the continuity of the utility function. 
Indeed, if the utility function is continuous -as it was assumed-, we have that if 
((c/i"(t), cf(t;+ 1)), Ri.)tEZ denotes any equilibrium such that ((c{i~(t), c{~(t+ 1)), Rt)-; 
((1, e), p(NT)), then 

u( ( cf/ ( t), cf ( t + l)) < 11,( cf\ cf H) for all t large enough, 

sinceu(cf',cfH) > v,((l,c)). 
Therefore, in the case of theorem 1, taking T large enough in such a way that 

u,((c{i;;(t), cf (t + 1)) < v,(c{'H, cfH) and '"Y > Rt, for all t 2: T (recall (ii.2) in theorem 
3) and therefore having the banks the option to offer '"Y (the largest possible interest 
rate), because of the competition in the financial markets, all banks will offer~/; on the 
other hand, since the generation T prefer u( c~H, cFR) than u( ( c{i' (T), cf (T + 1) ), no 
consumer will hesitate in accepting~/, so that the Golden Rule steady state becomes the 
effective equilibrium path in the economy from Ton. 

The argument in the case of the Garden of Edem economy is tatally analogue 
and hence it is omitted. 

Final remarks 

Our argument is two fold: 1) The market clearing condition need not always to hold, as 
it is indeed in a real world economy; 2) In order to understand the ultimate sense of the 
basic OLG model, it needs to be completed describing the mechanism that complete 
the markets. 

So, Why in the basic model the local stability of the Non-Trade Steady State in a 
Samuelson Case economy was obtained? The answer is because it was inappropriately 
assumed the market clearing condition (our argument I above). Our second question: 
Is it possible to offer a reasonable alternative view in such a way that the Golden Rule 
equilibrium is obtained? The answer is yes: Assuming the existence of a competitive 
financial market that complete the markets (our argument 2 above), the Golden Rule is 



reached as the final part of a path without any intervention of a government or social 
security system, just competition in a general sense. 
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