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Abstract
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In this paper we analyze the effect of market uncertainty in an overlapping
generations economy with strategic interactions among agents. We
demonstrate the existence of sunspot and sunspont-like equilibria in this
economy. Sunspot-like equilibria are analyzed by introducing trembles in
the offers of the agents, a component of the agents’ strategy set in the
market game. Those trembles in offers generate strong fluctuations in
equilibrium bids and prices, which allows us to conclude that trembles
increase the fevel of indeterminacy in this economy rather than diminishing
it.

Journal of Economic Literature Classifications Numbers: C72, C73, D51, .
L16.

Resumen
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En este trabajo analizamos el efecto de la incertidumbre de mercado en una
economia de generaciones solapadas con interaccién estratégica entre los
agentes de la misma. Demostramos la existencia de equilibrios sunspot y
sunspot-like en este tipo de economia. Los equilibrios sunspot-like se
analizan introduciendo perturbaciones en las ofertas de los agentes, siendo
éstas un componente del conjunto de estrategias de dichos agentes en ef
juego de mercado. Estas perturbaciones generan fuertes fluctuaciones en
las posturas de equilibrio de los agentes y, en consecuencia, en los precios
de equilibrio. Esto nos permite concluir que tales perturbaciones aumentan,
en vez de disminuir, el nivel de indeterminacion en esta economia.






1 Introduction
The existence of randomness in competitive equilibrium outcomes in models of rational expectations
with no fundamental uncertainty has been largely recognized and analyzed in the literature, s
instance, Azariadis (1981) and, Cass and Shell (1983). As Peck and Shell (1991) aknowledge, the
ainty that an economic actor experiences about the behavior of the others in the economy

ce, for

uncery
and the general environment, can lead to situations in which it is rational that this economic actor
behaves differently according to the realizations of a sunspot variable, or extrinsic uncertainty.
Moreover, even small degrees of market imperfections might lead to coordination problems among
the agents in an economy and, consequently, to indeterminate equilibria, as pointed out by Benhabib

{1998). The analysis of extringic uncertainty’s effect on static models with imperfect competition,
in which strategic interactions among market participants are explicitly modeled, is adderessed
by Peck and Shell (1991). They find that sunspot and correlated equilibria exist in this kind of

economies, and provide a link between these two types of equilibria. With the goal of examining

g

whether strategic interactions among agents in models of imperfect competition contribute to the
generation of business cycles, Goenka et ol. (1998) analyze a pure exchange, dynamic model of
imperfect competition. In this model, there is an overlapping generations economy in which the
agenta trade one commuodity using the Shapley-Shubik market game. Their main conclusion is that
market thickness, or the impact of an individual agent on the process of determining the equilibrium
price, plays a major role in generating complicated dynamics and, consequently, business cycles.
Particularly, they find conditions under which an cyclic equilibria of order two exists and, hence,
they conclude that sunspot equilibria exist in this model. Finally, Manuelli and Peck (1992) study
a sequence of economies with amounts of intrinsic uncertainty approaching to zere and a limiting
¢ uncertainty

econonty, which is a pure exchange-overlapping generations economy, with no intris
at all. They conclude that equilibriz in the neighborhood of the limit are sunspot-like, that is,
equilibria in which negligible amounts of fundamental uncertainty lead to considerable variations
in prices.

In this paper, we explicitly study the effect of market uncertainty in the environment of Goenka
et al. (1998). First, we show that sunspot equilibria exist in this type of economy by inveking the
sary and sufficient condition for the existence of a cyclic equilibrium

well-known result that a nec
of order 2, is the existence of a sunspot equilibrium with two states. This is not a surprising result,
given the previously mentioned finding of Goenka et al. (1998). However, this analysis provides
the ground for our next result, which is that small stochastic variations in the offers of the agents
lead to large variations in the equilibrium bids, and, cousequently, in prices. This analysis is in
the spirit of Manuelli and Peck (1992). In the original version of the Shapley and Shubik’s market
game, agents’ offers and bids constitute the strategy set of the agents. We need to fix offers in

25,

order to analyze our model because of indeterminacy. When we introduce trembles in offers, we
find that they generate sunspot-like movements in equilibrium bids and prices. Hence, we may
conclude that, in this case, trembles generate more indeterminacy rather than less.

The paper is organized as follows: In Section 2, we develop the overlapping generations version
of the Shapley-Shubik market game with extrinsic uncertainty. In Section 3, we study the existence



of stochastic steady states in our economy. We show the existence of sunspot equilibria in Section
In Section 5, we demonstrate the existence of sunspot-like equilibria in this model. Finally, we
affer some concluding remarks.

2 The Model

In this section we develop a pure exchange market game of the type proposed by Shapley and
Shubik {1977} in an overlapping generations context with extrinsic uncertainty. Time is discrete
and indexed by ¢, where £ = 0,1, ... . In each period n > 0 agents are born, each of whom lives for
two periods. We will not consider the case of the initial old generation because the analysis will
fecus on steady-state equilibria. Hence, we will assume that agents are characterized by stationary
preference s,

In every period, there is a single perishable physical commodity and inside money which is
storable. Uncertainty is extrinsic, that iz, it does not affect the fundamentals of the model. The

and endown

stochastic structure of this model can be characterized by two states of nature, p € {e, 3}. These

states unfold as a first order Markov process with stationary transition probabilities given by

e CECX ,,_uzd

[' e fﬂ,] where: 7% + 7°% = 1 for p = @, 8 . Agents receive endowments in each period
« | )

oy ¢ 3 . . « ot 4] i 3 \ e enerts 1T
of life. We assume that endowments are stationary. So, wy = lwf,wﬁ ' 1’ = jun,wy]. We also assume

that 0 < wy < wy , because our focus is on monetary equilibiria.

The consumption of the representative young agent, indexed by ¢ == 1,...,n, born at period ¢

R J . - < ;
128, 25 |;, where p is the period ¢+ 1 value of the random variable p. Notice that

For example, LL;U is the consumption of agent ¢ when old in the case that the

will be denoted
(p, ')y € {e, 3
value of the random variable is v when he is young, and 3 when he is old.

Lifetime preferences are described by a utility function u; which maps from fRf’; to R, and is C7
where r > 4, strictly increasing, strictly concave, and meets the Inada conditions. Specifically, the
preferences of the 2n identical agents take the following form:

wi(f, 28”) = U(af,) + 7PV (2lig) + 77"#3"7(73‘:0‘3r 1)

where u;(,-) is the von Neumann-Morgenstern expected utility function, and U and V are both
smooth, strictly increasing, strictly concave and satisfy the Inada conditions. Also, 2f, is the
consumption of the agent when young, given the realization of the random variable p, :r, 711 Is the
consumption of the agent when old, given that the random variable is p when he is young and «
when he is old, and L;“:l] is the consumption of the agent when old, given that the random variable
ig is p when he is young and & when he is old.

We take the trading mechanism of Shapley-Shubik market game (1977), where the consumption
commodity is traded in a single trading post being exhanged for money. Agent i makes a non-
negative offer of commodity g;; when young and Gi+1 when old. Consumer 7 also bids a non-
negative quantity of money 47, when young and 5% ‘1 When old. That is,

I . 3
t =G Qe
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e vl
op' g o
AN R Y

Offers are constrained by the endowments because, offers are made in terms of the consumption

good. Hence, ¢ < wy and, q; 447 < wo.
There exists the possibility for agent ¢ born in period £ to save, and her savings are denoted by
m{. Therefore, her strategy set is the following:
S ¥ o’ N . 12 10y Vo (1
Sy = {1007, 005 1) (e Gp1)s mE] € R (e, geper) 3 0]
Denote a strategy profile for all the consumers as:
~ IgN? 3 J’ i 1
7 = (Sidiecuiz0 = (054, 005, 1 )iy (e, Q01 )ikie G20

and o_; denotes the strategies of all consumers other than agent <.

In the trading process, every consumer is assigned a proportion of the aggregate offer of the
consumption commodity in relation to the weight that her bid has on the aggregate bid. And,
each consumer is assigned a proportion of the aggregate inside money bid in relation to the weight

notation:
o P
'Bt,t = nbu
Y
B = by
and,
Qe = ngy
Qt,t--{—l = NGt 41

to denote the aggregate bids and offers’of the congumers born in ¢ and ¢ + 1 respectively.
Let:
.. P L RBP
By = By 1.+ By
denote the aggregate inside money bid in period t, and

Gt = Qe+ Qe

denote the aggrepate offer of the consumption good at time ¢.
Similarly,
774 — o pPF
el = WY e

and

Qt-—‘r-l.t+1 = Nft41,041
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Eliminating the savings, we can Ieduce thé{ég_ﬁt&vo bidget constraints into a single one, which is:

BP éPP’
bp +bpt+1 --'-'Q et +: Q; qf;t+1 (5)

Smcp in: thls sfcu'a,tlon all the agenfs ‘are a,ﬁ'ecfed by the sunspot activity symrmetrically, we
wish'to consider the correlated equilibria of this game, assuming that the information partitions
of all the players are identical. Since the set of pure strategy Nash equilibria is a subset of the
set of correlated equilibria, being a correlated equilibrium any probability distribution over the
pure strategy Nash equilibria, we consider first the Nash equilibria in pure strategies of this game.
Hence, we need to express the price ratio in terms of the bids and offers of the other agents:

bf,r.Qt = Bffh,t — Q¢m}

b1 Qe = (b2, + Bflgre — Qemf
where B = Bf — bie. Also, Q= Qi — g1z So,

bf,t{Qt + Q) = bf,tflt,t + Bfgrs — Qemf



Simplifying, we get the following result:

. Br it - th;

P o R L
4%
Q:
and hence,
iy o | Bf—mf
g oy = | e p— e
Qe
Define:
por . MJ
BH—-L r+} ){t._l
and,
Q!{-L s Qr+1 ,,,,, gt,iH--l

Similarly, we obtain this expression:

op'

b — My = Qet+1

Since BY = BY + b/ ¢+ Subtituting into (6) we obtain:

__ Br |
B[p i BP -+ lr ————— = g1t - ","Tl./t)
L C\,)-L
P P
B =B+ | B 0, O] mf
t

B =

Hence:
Qi @
BY B —mf
Substituting this expression and (3) into (1):
. ) ,
W - o B —mi
Teg = W1 — Qe+ » % Qi m{
[’ - mf Q4
P Qi. P
Tip = wy — oMY
' Bl —m

- -
~—



Stmilarly,

Qii1
PPV wy —J'—F—m‘” (8)
= Bpﬂ ; p Tt
By 4 my

The first order conditions agsociated with this optimization problem are:

- p) Qt + C\:)t ) p.

,q) Qi Qret il }

m? Y
B,H + (JJ’H] +mi)

-_y (?t- 1 A . 1 (~f \ -~
+7 |y wy T”ﬁ%+ _______ o 'T.ﬂ) f’I?H- P el :-mf 1 =0 )
-y } 2
1-1—]. T‘nbt 13 t (Ptl_]"}_mt) _‘!

Definition 1. The stochastic extension of thé‘: market game with syimmetric information is the
strategic game characterized by:

2n players.
. A finite set §1 = {«, 8} of states of nature.
and, for each player:
1. u; which is the von Neumann-Morgenstern utility function.

2. The strategy set S.

3. Transition probabilities that follow a stationary first order Markovian process characterized
GO G
7 .
by: & = [:‘ru"‘ ﬁﬁ} where: 70 4+ 78 =1, 77 > 0 for p, pf = v, 3.

Definition 2. The Nash equilibrium in pure strategies for the stochastic extension of the
/
market game is a sequence of bids {b{,, /% 1 }i=12... such that:
1. Oflers that are exogenously given by {g.4, ¢ 441 }=12, . The reason for fixing offers is to deal
with the indeterminacy of this model,

bf’,’ +1)i and m{ is a best response to the bids of other agents,

2. Every agent’s strategy (
3 . .
(b7, bt ‘Z 1)+, which are t.aken as given.

3. ¥t, m{ = m, where 1 is the exogenously given stock of fiat money.

|



3 Stochastic Steady States

We now address the question of the existence of stochastic steady state equilibria in the context of
thig model. Following Spear {1985), a stationary sequence of equilibrium prices can be defined as
one in which the components of that sequence depend only on the state realized at a given point

16,

in time. We are only interested in analyzing the equilibrium when the market for the consumption

commodity is open; that is, bids and offers are strictly positive. The existence of & stationary

equilibrium with zero bids and offers is a trivial question, because this equilibrium is self-enforcing.
Assumption 1. In the stationary environment, bids depend only on the state realized at time

£, that is, b7, = b} and bf’ v b

Assumption 2. In the stationary environment, offers are not time-dependent, that is, ¢4 = q1

and g i1 = g2

By definition, in equilibrium m{ = i, which can be explained by the role of “the beginning” in
the stationary environment. Suppose that the initial old generation has m > {J as an endowment
of Bat money. Then, the first young generation will receive a transfer of /M, no matter what state
of nature has been realized at period 1. This transfer will be the same for the following generation,
and s0 on.

We will consider an economy in which there is only one consumer belonging to each living
generation at a given point in time. We maintain the asswmption that consumers are identical
except for their date of birth.

Proposition 1. In an economy with a single consumer in each generation and a single con-

sumption commodity at each date, a stationary equilibrium exists with non-zero net trz

Proof. The first order conditions that characterize a stochastic stationary equilibrium are the

[...1'7" (M g ) [ N g \]
) Coh-m (b’j —1h (b —m)?

7 N e
. , o qm q1 qui 1
P WV wy + ) ( —- — -
[ (“’2 T m) \bym (b +m)2))

following:

e vt | q1m q1 qmm B
el ‘« Wy 1 — - . _ 5 . .
by +m /) \bj +9  (b] +7M)*
or,
[.rl ( q‘z'fl_"i, qxzbg Y
i w]- - (s - " —
o) @
_4_71-/00: V’I wo -+ q;"'ﬁl. T b{;
y d bvir + 17 (bclm + m)"
qr7n ab?
+mf |V wy + ;’31 3 1 — = ()
by + 7 (by + m)z

and, the budget constraints can be written as follows:

b + b°
g B0
g2 +q1




7 s
N £
by — = —<—2q
g2+q
We need to show that non-zero solutions exist to equation {10). To do so, we consider two
cases:
(i)Sell-all equilibria: Let g; = wy and ¢g = wy. Then (10) becomes:

rt ( . wyiTt wqbf’

Jo{wi bg — 77:1) (b; — ,m)z
. Wit w b -
V' { ws L ) ( 191 )
L ( 2+ bc[!‘ + (biﬁE + 7-771)2 J\

— / Is
o [V (g 4 AT wili ]
U7 om0 +m)?

From the budget constraints, the following equation results:

. e
_4'_7-;1)

by = -+ —= (b + )
w1

By manipulating (12), we can obtain the following result:

Wil w1 bp
wy - — =
b — T 4 1

If wesubstitute (12) into the ewcpresﬁlon w2t Yt 83 showed below:
wabh i |y o (B0 F Mjws) [ w) ?
TP =g T W2 T+ -
0 —m)? o 0+ m)wn) |

we obtain our next expression:

waby  wnfmiwr + wo) F by
(b - 7)? (] + ) 2wy

Now, we define the following function:

- @)\ fen]mwy + ws) + b
Pipe vOY — 1Y 1 1 2 1472
he b (bf; +m) ( (% + ) Zurg

pe (17 N w1Ih )( wlbtl.r \)
o [1 ( T v m) \(bg w2

P [V’ . wimh ' u;-lb'?
L b (bJ + h)?

0!
The equilibrinm situation requires that: h(b§ (H) [h B(po bH; ] =0
W1




Now, we define the following function:

/ N b wi [ + wa) + btus)
Hil b’3 - /f ( W Uy ) ( 4 ] )
(8, bY + 7 (b + 11)2wy

- blj . ‘3 Lo\
-+ (b] -~ 7";) wy

At equilibrium, it must be true that H (6%, b? ) = 0. For any b'? > 0, if bff — 0 then:

lim —U"(0) (
b0 )

wy(wy + wy)
worh?

L wll)ﬁj wr iy + wa) + bfwg}
W+ m (7 + m)2ws

Hence, by the Inada conditions, limge..oH (b7, (7"13 j=~—o0

I£ b§ - oo, then limpe..oo H (6T, b‘lj] is indeterminate.
Applying L'Hopital Rule we obtain:

(a3 Wl_—_
Ilm ]I(b b“j) }m [’ "{wr) (2({3‘3‘ + m;)

. w1 bl ) wl['fﬁ.(wl wy) + b] wo
+U' | = —5—
b’1 + 1M (b + M)

Then, H(b{, b”‘ tends to some positive number as Y — oc. Hence, there exists bf > 0 such
( } ) 1
that H(b‘”,bl) = 0.
Now, let

w [ (wy + wg) + bfws)

[ b7) = 2
g ( 1) ([](1X+;ﬁ1_)4w2
Hence,
dH — 1374 -t
by Ve = Ut
and,

' Wi (2w + wa) + wobf

= . : <0
e wy (b§ + )3

Since g, > 0 and U is strictly increasing and concave, then gﬁ% > 0.

From the Impli(it Function Theorem ( IFTL it follows that there exists a unique C? function f
such that bf = f(b ) and H (b, b1)

To complete the proof of the existence of an stochastic steady state equilibrium, we need to
show that there exists hl such. that A%(f(b),b) = 0.

10



Claim 1. f is monotonically increasing.

Proof. By the IFT, we have that f'(b) = "7?‘% where H, = db . From previous calculations we
P - = . J ‘ Ls
know that H, > 0. To know the sign of Hp we proceed similarly as we did with H,. That is, we
define:

gjfb'j w‘l{ﬁl(wl —i—wg) +w2bﬁ
5 g
wa (b +1m)?

Then, :fl»?}f : U gs -+ U gﬁ We also have that:
y w [ 2w + wy) + wgbf'f]
gg = —— = : <0
' walb? + i)

It follows that 245 "H < 0. Hence f'(b) > 0.

Note that f(( _) = 0. If this were not true, the first term of H would remain bounded while the
second term would tend to = oo, So, consider:

7 1T, _iﬁ},((,ul +""'2\+w2fﬂ
g8 = - [AL] [l e st
(f(b),b) = U [f - rnJ wo(f +1m)?
7PV L + wpm ] [ fun '_]
" [M f4+miL(f —m)?
P8 L wirh } [ buny ]
+7PPV! [ wy - b+m| [(b—m)?

As b — 0,then:

[ (U)]_ -+ WQ)’I-)"”L.,

e PRy RN Vi T
%1_1;1’6 R (f(b),b) = l])]LI(]] v'(0) woTR? ]

By the Inada conditions, we can affirm that A%(f(b),6) » —oc as b — 0.
Now, we need to show that as b — oo, h*(f(b), ) tends to some positive number. Consider:

e [Pt tenf]] o]

wo(f + 7n)? f+m

Ly [ Wy J [ fwi ] [wl [ (wy + w3) +w2f}]
‘ f+mj [(f—m)? wo(f + )2

PP [wzd-r wlm] [ bun J [ wi[m(wn *sz)*wf]]

b+mj | (b—m)? wo(f 4+ m)?
It h™ < 0 for large b, the lilmit on the right hand side (RHS) must be negative.

LMoo RHS = —U'{wy) + 7"V (ws)

11



wow1 b f + 11)?

PR ()
47 wy ) Im N
)b—~-r>o wi (b — )2 (Mlwr + wy) + fun)

The last limit can be obtained from the function H by noting that:

et | &1 . N N .
v’ [7751] _ wn{f + M) (m(w + wo) + bwa)
I I wi (b + M) (Mlwr + ws) + fws)

b4 ]

The right hand side of this expression has the same limit as & — oc as the expression above,
This limit is therefore F—‘““’ = 1. Thus,

Jim RHS = ~U'{(w1) + 7PV (wo) + 7PV (wo) = —U"(w1) + V' (wy)
Given wy, this expression can be made as large as possible by taking w9 ~ (. Thus, as b gets
large, h* > 0. By the Intermediate Value Theorem, there exists a b* such that h®(f(b*),6*) = 0.
(i1} General offers: We consider (g1, g3) > 0. The proof proceeds as above by fixing (g1, d2) > 0.
Now, the proof is complete.
In this section, we demonstrated that a stationary equilibrium exists in this economy with
trades that are non trivial.

4 Cycles and Sunspot Equilibria

A very well known result says that a necessary and sufficient condition for the existence of a cyclic

1..

equilibrium of order 2, is the existence of a sunspot equilibrium with two states *. Moreover, a

sunapot equilibrium with two states can degenerate into a 2-cycle in which the matrix of transition
0 1]
1 0)

Goenka et al. (1998) provide a condition under which a cyclic equilibrium of order 2 exists for
the deterministic model of overlapping generations with market games, which is:

probabilities has zeros in the diagonal, i.e.,, 7 = [

A

Rg(wg -+ é) > 9
Wy —

(2+0Q=2) w+i[26+Q o - o
0 | O+é

where:
® 0 = —%—"; and 8y = @(0¢ey)-
. (‘)'(()) < --1.
e Fa(-): Relative risk aversion of an old agent.

e Ry(-): Relative risk aversion of an young agent.

'See for example Azariadis and Guesnerie(1986)

12



Assuming that = {;’)—% < % and that Ry(0) > 0, Goenka et al. (1998) prove that this condition
for the existence of a two-cycle will hold at @ = 0 and, by continuity, for small positive values of
Q-

A two-cycle equilibrium is one in which either:

g2 @by | asy Qo nb; \
_L‘. (:-M"i Y ) ( e Y ) - ﬂu'L' ‘/ Wy + = : - - O (10}
. b —m (bg - 7n)? b:13 7 (t ’[lj )2 (10]
or,
Q2T @by ’ Q177 g1 b%
U (“ -5 Rl ~J.-w’3“v'( o ) ( 101 ) = ( (11)
A l b? - (bfzj — 1m)? 27 b —m ) \ (0§ — )2 ) (1)

assuriing that W%:LZ < 3;— and that R3{0) > 0.

The existence of the above cy(.hc &Latlouarv equilibria above described m.ight be proved by

& > 0 but small enough so that we ha\re ::mal] \rd].l].(::‘.-. of Q. Then (].4) l_)ec,omes:

, egr €aby e €17 e b
- ["'I ((«)] I : —.) ( ox : 2 ‘7) + ﬂ-a}j‘lﬂ (“"Z + ,,31 ] L . =0
y bg —m ) \(bF — ) Y by —am ) \ (b - 1n)?

The rest of the proof proceeds like in the proof for the existence of an stochastic stationary
equilibrivm.  Additionally, we need to prove that b§ # b’f , to ensure that thig equilibrium is a
sunspot equilibrium. This can be done by showing that the stochastic Nash equilibrium associated
with the Markovian transition probability structure depends continuously on the probabilities.

By assumption, in the stationary environment we have that the following hold:

b,t .bp

bf"’ﬂ = bf

Qi+l = g2
From the budget constraints we obtained the following results:

Q_ Q

Bp B Bf —my
Qriv1 Qi

300
Bt Bt—-] M

which in the stationary environment become:



meaning that:

Q @

Bt~ BP—m

It follows that:

Substituting the above result into the first order conditions that characterize a stochastic sta-
tionary equilibrium, we obtain:

; 3 ¢ » 7 2 quitn
he (b2, 662 = U (u, - +
W10 02 ! b - ) \bg - (b§ — )2
v r GaTh i o)
+ 7 V’, (wl + Q.IJ - ) oy 2 = ({j) '_—. )
. b —m /) \ by —m @ (b§ —m)?

ey [, T q2 (g2)%m
4TV wy +- T — — AL Y
by —m ) \by —m g by —m)?

ho'{/b(_x , b bd\ S { o W — !(IZ’FF?, : 421 4 qzlh .
i ' Wy —i) \th —m (b5 —m)?
on > (f N2
I y P ™
—:-’,‘TJQ"', ( " qormm ) g2 _ (f]2) :
vt b —m) \b§ — g (b§ — m)?

A £ (q,;*) T ) =0
5 — i b’; —im q by —m)?,

Let 67 = '_ggm; and 7R =
bE, -,

and,

Then,
. g - " _ 0%,
* = U (wy - 0%) [ 6 + ——-—~-———) E Y (o 4 %) (()“ -
e ) ( bg —m ™ Vilws ‘ q1 (b — m)

+7 PV (wy 4+ 67) [ 6° — _—93 L
ql(’)‘i‘g hid 7‘7_7)

Knowing that b — 7 = %# and that 79 =1 — 79, we have that:

. , e + 8% PR e (1 — 0%
[N (.zl?,(l:.b"] . 9(}.)00 ((12 , ) + (l _ ﬂ,m-...j)vl(wz " Hct}ya (f[_l_ _____ )
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where:

o =0
g “ . o )(_‘- Py A o ___0;;1 S,
. :%— = Y (wy + 0 )6 (_‘il_q;f__) — 1”\%‘24-9-1)()‘” (gq;u)
Then:
[ q —6° (g -~ 02\
(Db} = |V {(ws + 0™)6” (—————) = V'{wy + 0097 | 21—
i 0 q1

To show that |Dh| # 0, we need to show that ¢, # 6% and q; # 6°, and that

Y, B o — )‘3
Vifwn + 0267 () 2 vy + %08 (L=
( s/ 7’

’ q ) [7§)

2 4

Since 8% == f?-——_ and 97 = E;?—T and by assumption wy > wy > 0, ¢ < wq, and ¢ < wy; then it

follows that:

g1 # 6°
q #6°

Then, it remains to show the following claim.
Claim 2. In order for a sunspot equilibrium to exist the following condition must hold:

. , oo (g1 — 68
v’ (wy + g ) e ( il _{)_) £ V! (wy + 9,-.1)‘9;3 (_(Zl_)
N el
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Proof. Suppose not. Then:

o [ B a8
‘,/rl('w‘2 -+ Ga}ga (‘ﬂ___f_-) — IV,(W‘Z + (:}5)6/3 (ﬂ_._f_;_.) (]2)
q A

) s Afd . s Y .
Assume that 8% # A% since the cyclic equilibrivm is non-degenerate.

The first order condition for an agent born in state o who faces state 3 in the following period

ey b fCEN Y a8y
-v-U’(wl _ 90)90 (@_i_(f_ ) + ',rr"‘ﬁif""(wz + 9#)9# (q_l.q_g) =
1

. 42 J

Similarly, the first order condition for an agent born in state 3 who faces state « in the following
period is:

. o 4+ 65 e I ‘
U (wy — 0708 (——*———q‘)' ;_ ) + 7PV (wy + 667 (———qj' ; o ) =
72 1

In a eyclic equilibrium it must be true that 799 = 78% = 1, then:

. o + G s [ — 67
Ulwy — 6%)8% (f].e ) = V'(wz + 6°)6° (({1 & )
L2 ' q1

and,

sos (207N 0 spa (G = 6%
U'(wn - 07)6° (_—‘“ qr ) = V' (ws + 8%)6° (m A )
2

adr

i

Then, by (16), we can say that the two first order conditions degenerate into a single condition:

U'fwr = 0)8 (”—*9) = V'(wy + 6)0 ( o= 9)

q2 q1

where 0 = 6% = 67 which contradicts the assumption that 6% and #° are cyclic values.

Therefore, for a sunspot equilibrium to exist it must be true that:

) o g — %N oo g — 68
V' (wq + 6%)6% (11_> % V' (wy + 6°)6° (il__
01 . N
In this section, we have shown that sungpot equilibria exist in this model by using a condition
provided by Goenka et al. (1998), in which strategic interactions and not risk-aversion generate
the result.



5 Sunspot-like Equilibria

In this section we show that sunspot equilibria depend continuously on the offers. By showing this,
we will be able to demosntrate that small stochastic variations in offers (perfectly correlated with
the sunspotsj can generate relatively large variations in the Nash equilibrium bids. This is along
the lines of a result of Manuelli-Peck {1992), which establishes that if sunspot equilibria exist in
a deterministic model, then it is possible to verify the existence of sunspot-like equilibria in the
model perturbed by small amounts of fu.n.c:lamen'ta] uncertainty.

We now have that the offers of agent ¢ are ‘lr ¢ when young and q, 1 When old, and that
qf” = g7, q{”,t 1. Offers are still constrained by the endowments in the following way: ¢f, < wy
and q,”’“l < wa.

s A
In aggregate terms, we have that Qf, = ngf,, foz v = nq“”, and Q%) 1 = ngfly e

S carientle (F = (P C S s AN s 40 g
Consequently, Qf = Q_;, + Qf,;, and Q, = AR iv,_ pe1- Similarly, QF =q - qty, and
e id pp’

Qi = Qi ~ GEiar-

In the stationary environment we have that the offers depend only on the state realized at
time ¢, that is, ¢, == ¢{ and ¢ ",?_, [ = (12 The first order conditions that characterize the stationary

equilibrinom are:
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We need to show that ]D@, hi % 0, where:
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. ,)' ¢z (1 79V (g + 68) ('ﬁ) = {) since in a cyclic equilibrium 77 = 1.
oy ) ) 9 7
Hence,
gan 2 H_u'
Dy hf = V' {wy + )V (wo + 6°) (-——) -
i [9390d| ({1 q;}

Provided that q1 # 0, g5 # 0 and wy # (0, we can ensure that {Dg hf # 0.

Since #7 = , determining whether the first order conditions depend contimonsly on the

2’'s demands a more careful analysis.
By the Implicit Function Theorem we have that:

| Dgh| x DQQQ + U)QQM =0

where:
| Oh dh%
i o9« I¢
{I)E’hl = g hd :;f:;i |
| 95 Fe7 |
where:
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We need to show now that the above Jacobian determinant is different from zero, so the Implicit

Function Theorem can be applied. To avoid its computation, we take a related path. We argue that
the correspondent Jacobian matrix is full-rank generically. If this matrix were less than full-rank
we could restore it to a full rank by perturbing the second derivatives of the utility functions in a
way that leaves unchanged the cyclic equilibriuun, which only involves first derivatives.

Now, we need to show that the following Jacobian determinant is different from zero:

ghs Bh%
ll) . h —Eﬂi“; 8([‘2
Q.10 = | o gnd

where:

] "-“_.‘T.‘;.' == C;” (0)1 bt 9
)
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T g g . N R =1 ) . -
As long as 6% 5 0, 67 £ 0, ¢F # 0, g5 5 0, we can conclude that !DC:?:;. h| 5 0.
The result that sunspot-like equilibria exist in this model is now established. Moreover, we can

now say that trembles in the offers of the agents, which are basically part of the their str
generate sunspot-like movements in equilibrium bids and prices. That is, trembles do not decrease

ategy.set,

but increase the level of indeterminacy of this economy. Now, we may ask the question of why
agents would make mistakes when formulating their offers. An explanation may come from our
assumption that agents ave risk averse and, therefore, they might want to transfer wealth from one
state to the other in the presence of extrinsic uncertainty, given that sunspot equilibria exist in this
framework. In the process of transferring wealth among states, a given agent will probably consume
less than what is available to him in one state, in order to consume more in another state. Hence,

agents might make slight mistakes while formulating their offers. As a program for next res

it would be useful to model securities game associated with our model with extrinsic uncertainty

and, try to answer the question of what might cause trembles in the agents’ offers.

6 Conclusions

We have demonstrated that for the deterministic overlapping generations version of the Shapley-
Shubik market game, the equilibrium bids vary accordingly to the realizations of a two-state sunspot
variable. This result is not surprising since it was implied by Goenka et al. (1998). However, that

analysis provided the ground to show that sunspot-like equilibria exist in cur model. That is, when

there is a small amount of intrinsic uncertainty in the offers of the agents, a element of the strategy
get. of the agents in the market game, the equilibrium bids and prices experience large variations.
This result allows us to conclude that trembles in the offers of the agents increase the level of
indeterminacy in this economy with strategic interaction rather than diminishing it.

Further research should first tackle the question of what causes the agent’s trembles in for-
mulationg offers. With this purpose, it would be a good idea to extend the game with extrinsic

uncertainty to include securities that allow the agents to transfer wealth among the states of nature.
Algo, we will consider to introduce production in this economy to further investigate the effect of
uncertainty in the offers of the agents and how this kind of uncertainty is related to the generation

of business cycles.
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